
Special Geometric Structures
on Riemannian Manifolds

Habilitationsschrift
vorgelegt an der Fakultät für Mathematik

der Universität Regensburg
von

Mihaela Pilca
11. Januar 2016



2

Mentoren:
Prof. Dr. Bernd Ammann, Universität Regensburg
Prof. Dr. Helga Baum, Humboldt-Universität zu Berlin
Prof. Dr. Simon Salamon, King’s College London

Aktuelle Adresse:
Fakultät für Mathematik
Universität Regensburg
D-93040 Regensburg
Webseite: http://www.mathematik.uni-regensburg.de/pilca
E-Mail: Mihaela.Pilca@mathematik.uni-regensburg.de

http://www.mathematik.uni-regensburg.de/pilca


3

Contents

Introduction 5

1 Homogeneous Clifford structures 19
1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
1.2 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
1.3 The isotropy representation . . . . . . . . . . . . . . . . . . . . . . . . . 23
1.4 Homogeneous Clifford Structures . . . . . . . . . . . . . . . . . . . . . . 32

2 Homogeneous almost quaternion-Hermitian manifolds 41
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
2.2 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
2.3 The classification . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
A Root systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

3 Eigenvalue Estimates of the spinc Dirac operator and harmonic forms
on Kähler–Einstein manifolds 55
1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
2 Preliminaries and Notation . . . . . . . . . . . . . . . . . . . . . . . . . 58
3 Eigenvalue Estimates of the spinc Dirac operator on Kähler–Einstein man-

ifolds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
4 Harmonic forms on limiting Kähler-Einstein manifolds . . . . . . . . . . 70

4 The holonomy of locally conformally Kähler metrics 77
1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
2 Preliminaries on lcK manifolds . . . . . . . . . . . . . . . . . . . . . . . 80
3 Compact Einstein lcK manifolds . . . . . . . . . . . . . . . . . . . . . . 82
4 The holonomy problem for compact lcK manifolds . . . . . . . . . . . . 86
5 Kähler structures on lcK manifolds . . . . . . . . . . . . . . . . . . . . . 92
6 Conformal classes with non-homothetic Kähler metrics . . . . . . . . . . 95

5 Toric Vaisman Manifolds 107
1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107
2 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108
3 Twisted Hamiltonian Actions on lcK manifolds . . . . . . . . . . . . . . 112
4 Toric Vaisman manifolds . . . . . . . . . . . . . . . . . . . . . . . . . . . 115
5 Toric Compact Regular Vaisman manifolds . . . . . . . . . . . . . . . . 122

6 Remarks on the product of harmonic forms 129
1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129
2 Geometric formality of warped product metrics . . . . . . . . . . . . . . 130
3 Geometric formality of Vaisman metrics . . . . . . . . . . . . . . . . . . 132
A Auxiliary results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135



4



Introduction

This habilitation thesis addresses several problems concerning special geometric struc-
tures on Riemannian manifolds. The general framework into which this work fits is
the question of finding “good” or “special” metrics on smooth manifolds, whereas these
terms are considered in a large sense.

The purpose of this introduction is, on the one hand, to briefly give an overview
of the broader differential geometric context which made possible and motivated the
study of the problems dealt with in this thesis, and on the other hand, to point out the
relevance and the interrelation of the obtained results in this more general context. For
a more precise presentation of the results we refer to the introduction of each chapter.

There are different possible ways to define what “good” or “special” metrics should
be. Very vaguely, one could require for such metrics to exist on “many” (compact)
manifolds and at the same time to have distinguished properties which ensure that there
are not “too many” of them on a fixed (compact) manifold. A very nice justification
why Einstein metrics, defined as having constant Ricci curvature, can be considered
as the “best” metrics on compact manifolds is given by A. Besse in the introduction
of the book Einstein manifolds, [17]. Since there are just a few groups, namely those
in the Berger-Simons list, which occur as non-generic irreducible holonomy groups of
non-locally-symmetric metrics, the corresponding metrics can be also regarded as being
“special”. The reduction of the holonomy group can be characterized by the existence
of certain parallel geometric structures compatible with the metric, like for instance
a parallel complex structure in the Kähler case or a parallel spinor or form for the
other holonomy groups. These conditions can be weakened in various ways in order to
obtain more flexibility for the existence of such metrics. One possible generalization
is to consider G-structures, defined as a reduction only of the structure group to some
subgroup of the orthogonal group. For example, when G is the unitary group, we
obtain an almost Hermitian structure. Another possibility is to look for the existence
of particular spinors of a spin or more generally spinc structure, satisfying a weaker
equation than the one for parallel spinors, like e.g. Killing spinors. In a different vein,
distinguished metrics are also those having a lot of symmetries, such as toric Kähler
metrics.

When studying special geometric structures, an important question is to find topo-
logical obstructions for a manifold to admit such structures. Apart from restrictions
regarding for example the Betti numbers or the fundamental group, the issue of whether
a manifold is formal or not has gained a lot of interest, in particular after the seminal
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6 INTRODUCTION

work [27] of P. Deligne, P. Griffiths, J. Morgan and D. Sullivan, where they proved that
compact Kähler manifolds are formal.

In the sequel we outline the topics of this work from the above mentioned point of
view, namely as possible attempts to detect special metrics or special geometric struc-
tures, like homogeneous Clifford structures, Einstein locally conformally Kähler metrics,
Kähler-Einstein metrics with special spinors, toric Vaisman metrics or formal metrics.

Clifford structures. The notion of Clifford structure on a Riemannian manifold
was introduced by A. Moroianu and U. Semmelmann, [59], and is in a certain sense
dual to spin structures. Whereas in spin geometry, the spinor bundle is a representation
space of the Clifford algebra bundle of the tangent bundle, in the case of (even) Clifford
structures the roles are reversed, it is the tangent bundle of the manifold which becomes
a representation space of the (even) algebra bundle of the so-called Clifford bundle
(whose rank is called the rank of the Clifford structure). More precisely, a rank r
Clifford structure is a rank r subbundle of the skew-symmetric endomorphisms of the
tangent bundle, locally spanned by anti-commuting almost complex structures.

As particular cases, we obtain for rank 1, almost Hermitian structures, and for
rank 2, almost quaternion-Hermitian structures. Clifford structures are in particular G-
structures, namely when there is a reduction of the structure group to Spin(r)·C(Pin(r)),
where C(Pin(r)) denotes the centralizer in the special orthogonal group. The special
class of so-called parallel Clifford structures, whose classification was carried out in [59],
generalizes hyper-Kähler structures (r = 2) and quaternion-Kähler structures (r = 3).

The next important subclass is represented by homogeneous Clifford structures. In
[57] it is shown that the rank of an even homogeneous Clifford structure on a compact
homogeneous manifold of non-vanishing Euler characteristic cannot exceed 16. More-
over, for the ranks 9, 10, 12 and 16, it is proven that the only manifolds carrying such
structures are the so-called Rosenfeld’s elliptic projective planes, cf. [68]. The other
extreme case, namely for rank 3, i. e. homogeneous almost quaternion-Hermitian man-
ifolds of non-vanishing Euler characteristic, are classified in [58]. In fact, the only such
spaces are: the quaternionic symmetric spaces of Wolf (cf. [75]), S2 × S2 and the
complex quadric SO(7)/U(3). The methods used in both articles [57] and [58] are of
representation-theoretical nature, the main idea behind the classification being that the
special configuration of the weights of the spinorial representation is not compatible with
the usual integrality conditions of root systems. The remaining cases for intermediary
ranks are still open. It would be particularly interesting if a non-symmetric space occurs
for one of the left ranks.

Some of the above examples of Clifford structures have been further investigated.
F. M. Cabrera and A. Swann, [21], showed that on SO(7)/U(3), which is also the twistor
space of the six sphere, there is exactly a one-dimensional family of SO(7)-invariant
almost quaternion-Hermitian structures (with fixed volume). Moreover, they determined
the types of their intrinsic torsion, according to the Gray-Hervella classes introduced in
[36]. M. Parton and P. Piccinni [64] studied in more details the projective plane over
the complex octonions, namely E6/(Spin(10) · U(1)), for which an explicit description
of the Clifford bundle is given. Furthermore, using this description, they constructed
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a canonical differential 8-form associated with the holonomy Spin(10) · U(1), which
represents a generator of the cohomology ring.

Spinc structures. Spin geometry played over the last fifty years a relevant role
in both geometry and theoretical physics. Its importance was highlighted by the clas-
sical Atiyah-Singer index formula for Dirac operators, which provided a fruitful link
between the topology, geometry and analysis of the underlying manifold. Moreover, as
mentioned above, most of the geometries with special holonomy also have a spinorial
characterization.

The condition for a manifold to be spin, which is equivalent to the vanishing of its
second Stiefel-Whitney class, is restrictive for important classes of manifolds. For in-
stance, the complex projective space is spin if and only if its complex dimension is odd.
Therefore, one often considers a slight generalization as a complex analogue, namely
the so-called spinc structures, when flexibility is gained by the existence of an auxiliary
complex line bundle. The interest in these structures increased starting with the devel-
opement of the Seiberg-Witten theory, [69]. Every orientable 4-dimensional manifold
admits spinc-structures, as it was proven by P. Teichner and E. Vogt, [72], and previously
by F. Hirzebruch and H. Hopf, [43], in the closed case. Also all almost complex man-
ifolds carry canonical spinc structures. Special spinc spinors, generalizing for instance
parallel or Killing spinors, play an important role in eigenvalue estimates of the spinc

Dirac operator. M. Herzlich and A. Moroianu, [41], extended the classical estimate of
T. Friedrich, [34], to compact Riemannian spinc manifolds. O. Hijazi, S. Montiel and
F. Urbano, [42] constructed spinc structures on Kähler-Einstein manifolds of positive
scalar curvature, which carry so-called Kählerian Killing spinc spinors. They conjec-
tured that the existence of such spinors is related to a lower bound of the spinc Dirac
operator. In joint work with R. Nakad, [60], we gave a positive answer to this conjec-
ture as an application of refined estimates for the square of the spinc Dirac operator
restricted to the eigenbundles of the Kähler form. These estimates generalize known
results for spin structures, like the work of K.-D. Kirchberg, [46], on compact Kähler-
Einstein manifolds of even complex dimension or the results in [65] concerning refined
estimates on Kähler manifolds for the Dirac operator and the geometric description of
the limiting manifolds.

Locally conformally Kähler structures. It is well-known that the existence of a
Kähler metric on a closed manifold imposes strong topological restrictions. One natural
possibility to relax the Kähler condition and to make it flexible to conformal changes is
the following: consider complex manifolds endowed with a Hermitian metric, which is
around each point conformal to a Kähler metric. These are called locally conformally
Kähler structures (shortly lcK). This is equivalent to the existence of a closed 1-form θ,
called the Lee form, which is equal to the differentials of the logarithms of the local
conformal factors. While it was established by N. Buchdahl, [20], and A. Lamari, [51],
that a complex surface admits a Kähler metric if and only if its first Betti number is
even, the conjecture that every complex surface with odd first Betti number carries a
compatible lcK structure was disproved by F. Belgun, [14], who showed that some Inoue
surfaces do not admit any lcK structure. Moreover, he proved that all Hopf surfaces
carry a compatible lcK metric, which was showed before for primary Hopf surfaces by
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P. Gauduchon and L. Ornea, [35].
In joint work with F. Madani and A. Moroianu, we considered three classification

problems in locally conformally Kähler geometry. Firstly, we gave the complete geo-
metric description of conformal classes on compact manifolds, which contain two non-
homothetic Kähler metrics (then necessarily with respect to two non-conjugate complex
structures). It turns out that all such manifolds are given by an Ansatz reminiscent of
Calabi’s construction in [22] on a certain projective line bundle over a Hodge manifold.

Secondly, we classify compact manifolds admitting Einstein (non-Kähler) locally con-
formally Kähler metrics. One may regard this result as a possible further investigating
direction related to the understanding of Kähler-Einstein metrics or Einstein globally
conformally Kähler metrics. We considered the left case of locally conformally Kähler
manifolds and showed that an Einstein lcK metric on a compact manifold has positive
scalar curvature and is necessarily already globally conformal to a Kähler metric.

Compact Kähler Ricci-flat manifolds have been well-understood as a consequence
of the famous Calabi Conjecture, whose proof was completed by S.T. Yau, [76]. The
case of negative first Chern class was settled by T. Aubin, [10] and S.T. Yau, [76].
If the first Chern class of a compact Kähler manifold is positive, there exist other
obstructions to the existence of Kähler-Einstein metrics, as the example of the blow-
up of the complex projective space at one point shows. The case of compact complex
surfaces was completely classified by G. Tian, [73], who showed that the only ones
carrying Kähler-Einstein metrics are the following: the product of two projective lines,
the projective plane and its blow-up at k points, for 3 ≤ k ≤ 8.

The Einstein metrics which are globally conformal to a Kähler metric, were also
investigated. In complex dimension 2, C. LeBrun, [52], and X. Chen, C. LeBrun and
B. Weber, [25], showed that the only compact Hermitian surfaces admitting an Einstein
globally conformally Kähler (but non-Kähler) metric are either the first Hirzebruch
surface endowed with the Page metric, [63], or its blow-up at one or two points. In
higher dimensions, A. Derdzinski and G. Maschler, [29], showed that the only compact
manifolds carrying a Kähler metric conformal (but not homothetic) to an Einstein metric
are obtained by the construction of L. Bérard-Bergery, [16].

Thirdly, we classify compact (non-Kähler) lcK manifolds of complex dimension n ≥ 2
with non-generic holonomy. In the strictly lcK case, i.e. when the metric is not globally
conformally Kähler, the only possible non-generic holonomy group is SO(2n−1) and the
manifold is Vaisman, i.e. its Lee form is parallel. If the metric is globally conformally
Kähler, then there are two possibilities for a non-generic holonomy group: either U(n),
in which case for n ≥ 3 the manifold is constructed by a Calabi-type Ansatz and for
n = 2 is ambikähler in the sense of [6], or SO(2n−1) and the manifold is again obtained
by an explicit construction.

Toric structures. Over the last years, toric geometry has experienced a huge devel-
opement in several fields with different approaches, like differential geometry, algebraic
geometry or mathematical physics, where toric manifolds or varieties are a source of ex-
amples and a testing ground for conjectures. For instance, important examples of mirror
symmetry and the duality correspondence for Landau Ginzburg models are known for
toric varieties.
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From the point of view of symplectic geometry, toric manifolds provide examples
of extremely symmetric and completely integrable Hamiltonian spaces. A main tool
in their study is the so-called momentum map, introduced by J. Souriau, [70], and
which formalizes the Noether principle, stating that to every symmetry in a mechanical
system corresponds a conserved quantity. The famous theorem of Atiyah and Guillemin-
Sternberg, [8] and [39], states that the momentum map of a Hamiltonian toric action
on a compact symplectic manifold has connected level sets and its image is the convex
hull of the set of moments of the fixed points of the action. In fact, compact symplectic
toric manifolds have been classified by T. Delzant, [28], who showed that they are in
a one-to-one correspondence to the so-called Delzant polytopes, obtained as the image
of the momentum map. Such classification results have been afterwards obtained for
other toric manifolds. For instance, it has been extended to non-compact symplectic
toric manifolds by Y. Karshon and E. Lerman, [44]. A similar correspondence holds
for orbifolds, as shown by E. Lerman and S. Tolman, [54], who proved that compact
symplectic toric orbifolds are classified by their moment polytopes, together with a
positive integer label attached to each of their facets. The analogue in odd dimension,
namely the compact contact toric manifolds, are classified by E. Lerman, [53].

The case when the existence of compatible metrics invariant under the toric action
is required is also well understood. Namely, V. Guillemin, [38], showed that for com-
pact toric Kähler manifolds the Delzant polytope determines to a certain extent also
the Kähler geometry, by giving an explicit combinatorial formula, in terms of the mo-
ment data alone. The Guillemin formula was also derived by D. Calderbank, L. David
and P. Gauduchon in [23] via the description of toric symplectic orbifolds as symplectic
quotients. Using the so-called action-angle coordinates, M. Abreu studied differential
geometric properties of toric Kähler metrics in [1] and gave an effective parametriza-
tion of all all toric Kähler metrics on compact symplectic toric orbifolds in [2]. As an
application, he describes in [1] examples of extremal Kähler metrics. V. Apostolov,
D. Calderbank and P. Gauduchon, [7], classified in all dimensions the special class of
the so-called orthotoric Kähler manifolds. The hyperkähler case has been investigated
by R. Bielawski and A. Dancer in [18], where they determine a Kähler potential and
give an explicit expression for the local form of the toric hyper-Kähler metric. The
odd-dimensional counterpart, namely toric Sasaki manifolds, were also studied, for in-
stance by M. Abreu, [3], who gives an approach to toric Kähler-Sasaki geometry via
cone action-angle coordinates and symplectic potential.

In [67], we considered toric conformal geometry, more precisely toric locally confor-
mally Kähler geometry, and made a first step towards the understanding of manifolds
carrying such structures by investigating the special class of toric Vaisman manifolds.
An important notion in this setting is the so-called twisted Hamiltonian action, intro-
duced by I. Vaisman, [74]. There is a close relationship between Vaisman manifolds and
both Sasaki and Kähler geometries, through the universal or the so-called minimal cov-
ering, on the one hand, and the quotient manifold by the canonical distribution spanned
by the Lee and the anti-Lee vector field (in the strongly regular case), on the other hand.
In [67] it is showed that these relations still hold in the toric context.
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Geometric formality of special geometric structures. The interplay between
geometric structures and topological properties of the underlying manifold is one of the
most fascinating topics in geometry. This includes natural questions, such as: which
topological obstructions are imposed by the existence of some geometric structures and
under which circumstances are these sufficient?

One important topological feature of a manifold is the so-called formality, which was
introduced by D. Sullivan, [71]. Roughly, a manifold is formal if its real (or rational)
homotopy type is a formal consequence of its real (resp. rational) cohomology ring. A
consequence of formality is that all Massey products vanish. Simply connected compact
manifolds of dimension less than or equal to 6 are formal, cf. [32], [56]. The study
of formality gained a lot of interest in particular after it was proved in [27] that all
compact Kähler manifolds are formal, which amounts to the validity of the ∂∂̄-Lemma.
This property provides a way of showing that certain symplectic manifolds do not carry
Kähler structures. For instance, in [31] is constructed a 6-dimensional compact sym-
plectic solvmanifold which is not formal and in [33] an 8-dimensional non-formal simply
connected compact symplectic manifold. K. Hasegawa, [40], showed that a nilmanifold
is formal if and only if it is diffeomorphic to a torus. In particular, this shows that among
the nilmanifolds, only the torus admits a Kähler metric, fact which was also proved by
C. Benson and C. Gordon, [15]. The feature of being formal or not has been afterwards
investigated for other geometric structures. D. Chinea, M. de León and J. Marrero, [26],
proved that coKähler manifolds are formal. G. Cavalcanti, [24], extended the formality
of compact Kähler manifolds to certain compact generalized Kähler manifolds. However,
there are still several interesting classes of manifolds, where not much is known about
their formality, like for instance locally conformally Kähler manifolds.

In odd dimensions, the formality of Sasaki manifolds was studied by I. Biswas,
M. Fernández, V. Muñoz, A. Tralle, [19], who showed a weaker topological property
of all compact Sasaki manifolds, namely that all higher than three Massey products
vanish. Based on this, they constructed simply connected K-contact non-Sasaki man-
ifolds, as well as first examples of simply connected compact Sasakian manifolds of
dimension greater or equal to 7, which are non-formal. Also 3-Sasaki structures have
been investigated from this point of view, for instance in [30] it was showed that a sim-
ply connected compact 7-dimensional 3-Sasaki is formal if and only if its second Betti
number is less than 2.

A geometric assumption which implies the formality of a compact manifold is the
existence of a so-called formal metric, i.e. having the property that the wedge product of
any two harmonic forms is again harmonic, as defined by D. Kotschick in [47]. A manifold
carrying such a metric is called geometrically formal. Apart from the compact symmetric
spaces, several examples of geometrically formal, as well as of formal non-geometrically
formal, homogeneous manifolds were given by D. Kotschick and S. Terzić, [49], [50] and
by M. Amann in [4]. Geometric formality of several special classes of metrics has been
investigated, like Kähler metrics by P.-A. Nagy, [61], Sasaki metrics by J.-F. Grosjean
and P.-A. Nagy, [37], solvmanifolds by H. Kasuya, [45]. In [62], we determine necessary
and sufficient conditions for a Vaisman metric on a compact manifold to be formal, as
a first step towards the more general question of understanding the formality of locally
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conformally Kähler manifolds. We also show that a warping product of two formal
metrics is again formal if and only if the warping function is constant. In [66] is given an
overview over the (at that time) known results on geometric formality. A new impetus
on this subject was given by the more recent works on formal metrics satisfying certain
positivity assumptions. C. Bär, [11], classified formal metrics of non-negative sectional
curvature on 4-dimensional manifolds up to isometry. D. Kotschick, [48], classified
manifolds up to dimension 4 that carry both a formal metric and a (possibly non-formal)
metric of non-negative scalar curvature. It was proven by M. Amann and W. Ziller, [5],
that a homogeneous geometrically formal metric of positive curvature is either symmetric
or a metric on a rational homology sphere.

This habilitation thesis comprises six chapters, each of them coinciding either with a
published article or with a preprint on arXiv, up to minor changes, such as enumeration
of pages, sections, theorems, etc., as follows:

Chapter 1 A. Moroianu, M. Pilca, Higher rank homogeneous Clifford Structures, J.
London Math. Soc. 87 (2013), 384–400.

Chapter 2 A. Moroianu, M. Pilca, U. Semmelmann, Homogeneous almost quaternion-
Hermitian manifolds, Math. Ann. 357 (2013), no. 4, 1205–1216.

Chapter 3 R. Nakad, M. Pilca, Eigenvalue estimates of the spinc Dirac operator and
harmonic forms on Kähler-Einstein manifolds, SIGMA Symmetry Integrability
Geom. Methods Appl., 11 (2015), Paper 054, 15 pages.

Chapter 4 F. Madani, A. Moroianu, M. Pilca, The holonomy of locally conformally
Kähler metrics, arXiv:1511.09212.

Chapter 5 M. Pilca, Toric Vaisman manifolds, arXiv:1512.00876.

Chapter 6 L. Ornea, M. Pilca, Remarks on the product of harmonic forms, Pacific J.
Math. 250 (2011), 353 – 363.
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Mat., 20 (2012), no. 2, 131–144.

[67] M. Pilca, Toric Vaisman manifolds, arXiv:1512.00876.

[68] B. Rosenfeld, Geometrical interpretation of the compact simple Lie groups of the
class E (Russian), Dokl. Akad. Nauk. SSSR 106 (1956), 600–603.

[69] N. Seiberg, E. Witten, Monopoles, duality and chiral symmetry breaking in N = 2
supersymmetric QCD, Nuclear Phys. B 431 (1994), 484–550.
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Chapter 1

Higher rank homogeneous
Clifford structures

Andrei Moroianu and Mihaela Pilca

Abstract. We give an upper bound for the rank r of homogeneous (even) Clifford structures
on compact manifolds of non-vanishing Euler characteristic. More precisely, we show that if
r = 2a · b with b odd, then r ≤ 9 for a = 0, r ≤ 10 for a = 1, r ≤ 12 for a = 2 and r ≤ 16
for a ≥ 3. Moreover, we describe the four limiting cases and show that there is exactly one
solution in each case.
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1.1 Introduction

The notion of (even) Clifford structures on Riemannian manifolds was introduced in [6],
motivated by the study of Riemannian manifolds with non-trivial curvature constancy
(cf. [3]). They generalize almost Hermitian and quaternionic-Hermitian structures and
are in some sense dual to spin structures. More precisely:

Definition 1.1 ([6]) A rank r Clifford structure (r ≥ 1) on a Riemannian manifold
(Mn, g) is an oriented rank r Euclidean bundle (E, h) over M together with an algebra
bundle morphism ϕ : Cl(E, h) → End (TM) which maps E into the bundle of skew-
symmetric endomorphisms End−(TM).

A rank r even Clifford structure (r ≥ 2) on (Mn, g) is an oriented rank r Eu-
clidean bundle (E, h) over M together with an algebra bundle morphism ϕ : Cl0(E, h)→
End (TM) which maps Λ2E into the bundle of skew-symmetric endomorphisms End−(TM).

This work was supported by the contract ANR-10-BLAN 0105 “Aspects Conformes de la
Géométrie”. The second-named author acknowledges also partial support from the CNCSIS grant
PNII IDEI contract 529/2009 and thanks the Centre de Mathématiques de l’École Polytechnique for
hospitality during the preparation of this work.
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It is easy to see that every rank r Clifford structure is in particular a rank r even
Clifford structure, so the latter notion is more flexible.

In general, there exists no upper bound for the rank of a Clifford structure. In fact,
Joyce provided a method (cf. [4]) to construct non-compact manifolds with arbitrarily
large Clifford structures. However, in many cases the rank is bounded by above. For
instance, the Riemannian manifolds carrying parallel (even) Clifford structures (in the
sense that (E, h) has a metric connection making the Clifford morphism ϕ parallel) were
classified in [6] and it turns out that the rank of a parallel Clifford structure is bounded
by above if the manifold is nonflat: Every parallel Clifford structure has rank r ≤ 7 and
every parallel even Clifford structure has rank r ≤ 16 (cf. [6, Thm. 2.14 and 2.15]). The
list of manifolds with parallel even Clifford structure of rank r ≥ 9 only contains four
entries, the so-called Rosenfeld’s elliptic projective planes OP2, (C ⊗ O)P2, (H ⊗ O)P2

and (O⊗O)P2, which are inner symmetric spaces associated to the exceptional simple
Lie groups F4, E6, E7 and E8 (cf. [7]) and have Clifford rank r = 9, 10, 12 and 16,
respectively.

A natural related question is then to look for homogeneous (instead of parallel)
even Clifford structures on homogeneous spaces M = G/H. We need to make some
restrictions on M in order to obtain relevant results. On the first hand, we assume M
to be compact (and thus G and H are compact, too). On the other hand, we need to
assume that H is not too small. For example, in the degenerate case when H is just the
identity of G, the tangent bundle of M = G is trivial, and the unique obstruction for
the existence of a rank r (even) Clifford structure is that the dimension of G has to be
a multiple of the dimension of the irreducible representation of the Clifford algebra Clr
or Cl0r . At the other extreme, we might look for homogeneous spaces M = G/H with
rk(H) = rk(G), or, equivalently, χ(M) 6= 0. The main advantage of this assumption is
that we can choose a common maximal torus of H and G and identify the root system
of H with a subset of the root system of G.

In this setting, the system of roots of G is made up of the system of roots of H and
the weights of the (complexified) isotropy representation, which are themselves related
to the weights of some spinorial representation if G/H carries a homogeneous even
Clifford structure. We then show that the very special configuration of the weights of
the spinorial representation Σr is not compatible with the usual integrality conditions
of root systems, provided that r is large enough.

The main results of this paper are Theorem 1.15, where we obtain upper bounds on
r depending on its 2-valuation, and Theorem 1.16, where we study the limiting cases
r = 9, 10, 12 and 16 and show that they correspond to the symmetric spaces F4/Spin(9),
E6/(Spin(10)×U(1)/Z4), E7/Spin(12) · SU(2) and E8/(Spin(16)/Z2).

We believe that our methods could lead to a complete classification of homogeneous
Clifford structures of rank r ≥ 3 on compact manifolds with non-vanishing Euler char-
acteristic, eventually showing that they are all symmetric, thus parallel (cf. [6, Table
2]), but a significantly larger amount of work is needed, especially for lower ranks.
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1.2 Preliminaries on Lie algebras and root systems

For the basic theory of root systems we refer to [1] and [8].

Definition 1.2 A set R of vectors in a Euclidean space (V, 〈 ·, · 〉) is called a system of
roots if it satisfies the following conditions:

R1 R is finite, span(R) = V , 0 /∈ R.

R2 If α ∈ R, then the only multiplies of α in R are ±α.

R3 2〈α, β 〉
〈α, α 〉 ∈ Z, for all α, β ∈ R.

R4 sα : R → R, for all α ∈ R (sα is the reflection sα : V → V , sα(v) := v − 2〈α, v 〉
〈α, α 〉 α).

Remark 1.3 (Properties of root systems) Let R be a system of roots. If α, β ∈ R
such that β 6= ±α and ‖β‖2 ≥ ‖α‖2, then

2〈α, β 〉
〈β, β 〉

∈ {0,±1}. (1.1)

If 〈α, β 〉 6= 0, then the following values are possible:(
‖β‖2

‖α‖2
,
2〈α, β 〉
〈α, α 〉

)
∈ {(1,±1), (2,±2), (3,±3)}. (1.2)

Moreover, in this case, it follows that

β − sgn

(
2〈α, β 〉
〈α, α 〉

)
kα ∈ R, for k ∈ Z, 1 ≤ k ≤

∣∣∣∣2〈α, β 〉〈α, α 〉

∣∣∣∣. (1.3)

We shall be interested in special subsets of systems of roots and consider the following
notions.

Definition 1.4 A set P of vectors in a Euclidean space (V, 〈 ·, · 〉) is called a subsystem
of roots if it generates V and is contained in a system of roots of (V, 〈·, ·〉).

It is clear that any subsystem of roots P is included into a minimal system of roots
(obtained by taking all possible reflections), which we denote by P.

Let P be a subsystem of roots of (V, 〈 ·, · 〉). An irreducible component of P is a
minimal non-empty subset P ′ ⊂ P such that P ′ ⊥ (P \ P ′). By rescaling the scalar
product 〈 ·, · 〉 on the subspaces generated by the irreducible components of V one can
always assume that the root of maximal length of each irreducible component of P has
norm equal to 1.

Definition 1.5 A subsystem of roots P in a Euclidean space (V, 〈 ·, · 〉) is called admis-
sible if P \ P is a system of roots.
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For any q ∈ Z, q ≥ 1, let Eq denote the set of all q-tuples ε := (ε1, . . . , εq) with
εj ∈ {±1}, 1 ≤ j ≤ q. The following result will be used several times in the next
section.

Lemma 1.6 Let q ∈ Z, q ≥ 1 and {βj}j=1,q be a set of linearly independent vectors in

a Euclidean space (V, 〈 ·, · 〉). If P ⊂ {
q∑
j=1

εjβj}ε∈Eq is an admissible subsystem of roots,

then any two vectors in P of different norms must be orthogonal.

Proof. Assuming the existence of two non-orthogonal vectors of different norms, we
construct two roots in P \ P whose difference is a root in P, thus contradicting the
assumption on P to be admissible. More precisely, suppose that α, α′ ∈ P, α′ 6= α, such
that 〈α, α′ 〉 > 0 (a similar argument works if 〈α, α′ 〉 < 0) and ‖α′‖2 > ‖α‖2. From
(1.2), it follows that either ‖α′‖2 = 2‖α‖2 and 〈α, α′ 〉 = ‖α‖2 or ‖α′‖2 = 3‖α‖2 and

〈α, α′ 〉 = 3
2‖α‖

2. In both cases
∣∣2〈α′, α 〉
〈α, α 〉

∣∣ ≥ 2 and (1.3) implies that α′−α, α′−2α ∈ P.

We first check that α′ − α, α′ − 2α /∈ P. The coefficients of βj in α′ − α and in
α′ − 2α may take the values {0,±2}, respectively {±1,±3}, for all j = 1, . . . , q. Since

{βj}j=1,q are linearly independent, it follows that α′ − α /∈ {
q∑
j=1

εjβj}ε∈Eq . Moreover,

α′ − 2α ∈ {
q∑
j=1

εjβj}ε∈Eq if and only if the coefficients of each βj in α′ and α are equal,

i.e. α′ = α, which is not possible.

On the other hand, 〈α′ − α, α′ − 2α 〉 ∈ {‖α‖2, 1
2‖α‖

2} and from (1.3) and the
admissibility of P, it follows that α ∈ P \ P, yielding a contradiction and finishing the
proof.

Let G be a compact semi-simple Lie group with Lie algebra g endowed with an adg-
invariant scalar product. Fix a Cartan subalgebra t ⊂ g and let R(g) ⊂ t∗ denote its
system of roots. It is well known that R(g) satisfies the conditions in Definition 1.2.
Conversely, every set of vectors satisfying the conditions in Definition 1.2 is the root
system of a unique semi-simple Lie algebra of compact type.

If H is a closed subgroup of G with rk(H) = rk(G), then one may assume that its
Lie algebra h contains t, so the system of roots R(g) is the disjoint union of the root
system R(h) and the setW of weights of the complexified isotropy representation of the
homogeneous space G/H. This follows from the fact that the isotropy representation is
given by the restriction to H of the adjoint representation of g.

Lemma 1.7 The set W ⊂ t∗ is an admissible subsystem of roots.

Proof. Indeed,W\W =W∩R(h), whenceW \W ⊂ W∩R(h) =W∩R(h) =W\W.

We will now prove a few general results about Lie algebras which will be needed
later on.

Lemma 1.8 Let h1 be a Lie subalgebra of a Lie algebra h2 of compact type having the
same rank. If α, β ∈ R(h1) such that α+ β ∈ R(h2), then α+ β ∈ R(h1).



1.3. THE ISOTROPY REPRESENTATION 23

Proof. We first recall a general result about roots. Let h be a Lie algebra of compact
type and t a fixed Cartan subalgebra in h. For any α ∈ t∗, let (h)α denote the intersection
of the nilspaces of the operators ad(A) − α(A) acting on h, with A running over t. By
definition, α is a root of h if and only if (h)α 6= {0}. Moreover, the Jacobi identity
shows that [(h)α, (h)β] ⊆ (h)α+β. It is well known that in this case the space (h)α
is 1-dimensional. Moreover, by [8, Theorem A, p. 48], there exist generators Xα of
(h)α such that for any α, β ∈ R(h) with α + β ∈ R(h), the following relation holds:
[Xα, Xβ] = ±(q + 1)Xα+β, where q is the largest integer k such that β − kα is a root.
In particular, if α+ β ∈ R(h), then [(h)α, (h)β] = (h)α+β.

Let now t be a fixed Cartan subalgebra in both h1 and h2 (this is possible because
rk(h1) = rk(h2)) and let α, β ∈ R(h1) ⊆ R(h2), such that α + β ∈ R(h2). The above
result applied to h2 implies: {0} 6= (h2)α+β = [(h2)α, (h2)β] = [(h1)α, (h1)β] ⊆ (h1)α+β,
where we use that (h1)α = (h2)α for any α ∈ R(h1) ⊆ R(h2). Thus, (h1)α+β 6= {0}, i.e.
α+ β ∈ R(h1). �

We will also need the following result, whose proof is straightforward.

Lemma 1.9 (i) Let k ≥ 2 and let h be a Lie algebra of compact type written as an

orthogonal direct sum of k Lie algebras: h =
k
⊕
i=1

hi with respect to some adh-invariant

scalar product 〈 ·, · 〉 on h. Then, identifying each Lie algebra hi with its dual using 〈 ·, · 〉

we have R(h) =
k⋃
i=1
R(hi). In particular, every root of h lies in one component hi.

(ii) Let α and β be two roots of h. If there exists a sequence of roots α0 :=
α, α1, . . . , αn := β (n ≥ 1) such that 〈αi, αi+1 〉 6= 0 for 0 ≤ i ≤ n − 1, then α and
β belong to the same component hi.

1.3 The isotropy representation of homogeneous manifolds
with Clifford structure

Let M = G/H be a compact homogeneous space. Denote by h and g the Lie algebras
of H and G and by m the orthogonal complement of h in g with respect to some
adg-invariant scalar product on g. The restriction to m of this scalar product defines
a homogeneous Riemannian metric g on M . Since from now on we will exclusively
consider even Clifford structures, and in order to simplify the terminology, we will no
longer use the word “even” and make the following:

Definition 1.10 A homogeneous Clifford structure of rank r ≥ 2 on a Riemannian
homogeneous space (G/H, g) is an orthogonal representation ρ : H → SO(r) and an H-
equivariant representation ϕ : so(r)→ End−(m) extending to an algebra representation
of the even real Clifford algebra Cl0r on m.

Any homogeneous Clifford structure defines in a tautological way an even Clifford
structure on (M, g) in the sense of Definition 1.1, by taking E to be the vector bundle
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associated to the H-principal bundle G over M via the representation ρ:

E = G×ρ Rr.

In order to describe the isotropy representation of a homogeneous Clifford structure we
need to recall some facts about Clifford algebras, for which we refer to [5].

The even real Clifford algebra Cl0r is isomorphic to a matrix algebra K(nr) for r 6≡ 0
mod 4 and to a direct sum K(nr) ⊕ K(nr) when r is multiple of 4. The field K (=
R, C or H) and the dimension nr depend on r according to a certain 8-periodicity rule.
More precisely, K = R for r ≡ 0, 1, 7 mod 8, K = C for r ≡ 2, 6 mod 8 and K = H
for r ≡ 3, 4, 5 mod 8, and if we write r = 8k + q, 1 ≤ q ≤ 8, then nr = 24k for
1 ≤ q ≤ 4, nr = 24k+1 for q = 5, nr = 24k+2 for q = 6 and nr = 24k+3 for q = 7 or q = 8.

Let Σr and Σ±r denote the irreducible representations of Cl0r for r 6≡ 0 mod 4 and
r ≡ 0 mod 4 respectively. From the above, it is clear that Σr (or Σ±r ) have dimension
nr over K.

Lemma 1.11 Assume that M = G/H carries a rank r homogeneous Clifford structure
and let ι : H → Aut(m) denote the isotropy representation of H.

(i) If r is not a multiple of 4, we denote by ξ the spin representation of so(r) = spin(r)
on the spin module Σr and by µ = ξ ◦ ρ∗ its composition with ρ∗. Then the infinitesimal
isotropy representation ι∗ on m is isomorphic to µ⊗K λ for some representation λ of h
over K.

(ii) If r is multiple of 4, we denote by ξ± the half-spin representations of so(r) =
spin(r) on the half-spin modules Σ±r and by µ± = ξ±◦ρ∗ their compositions with ρ∗. Then
the infinitesimal isotropy representation ι∗ on m is isomorphic to µ+⊗K λ+⊕µ−⊗K λ−
for some representations λ± of h over K.

Proof. (i) Consider first the case when r is not a multiple of 4. By definition, the
H-equivariant representation ϕ : so(r)→ End−(m) extends to an algebra representation
of the even Clifford algebra Cl0r ' K(nr) on m. Since every algebra representation of
the matrix algebra K(n) decomposes in a direct sum of irreducible representations, each
of them isomorphic to the standard representation on Kn, we deduce that ϕ is a direct
sum of several copies of Σr. In other words, m is isomorphic to Σr ⊗K Kp for some p,
and ϕ is given by ϕ(A)(ψ⊗v) = (ξ(A)ψ)⊗v. We now study the isotropy representation
ι∗ on m = Σr ⊗K Kp. Note that when K = H is non-Abelian, some care is required in
order to define the tensor product of representations over K.

The H-equivariance of ϕ is equivalent to:

ι(h) ◦ ϕ(A) ◦ ι(h)−1 = ϕ(ρ(h)A), ∀A ∈ so(r),∀h ∈ H.

Differentiating this relation at h = 1 yields

ι∗(X) ◦ ϕ(A)− ϕ(A) ◦ ι∗(X) = ϕ(ρ∗(X)A), ∀A ∈ so(r),∀X ∈ h.

On the other hand,

ϕ(ρ∗(X)A) = ϕ([ρ∗(X), A]) = [ϕ(ρ∗(X)), ϕ(A)] = [µ(X), ϕ(A)],
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so
[ι∗(X)− µ(X), ϕ(A)] = 0, ∀A ∈ so(r), ∀X ∈ h. (1.4)

We denote by λ := ι∗ − µ. If {vi} denotes the standard basis of Kp we introduce the
maps λij : h→ End K(Σr) by

λ(X)(ψ ⊗ vi) =

p∑
j=1

λji(X)(ψ)⊗ vj .

The previous relation shows that λij(X) commutes with the Clifford action ξ(A) on Σr

for every A ∈ so(r), so it belongs to K. The matrix with entries λij(X) thus defines a
Lie algebra representation λ : h→ End K(Kp) such that

ι∗(X)(ψ ⊗ v) = µ(X)(ψ)⊗ v + ψ ⊗ λ(X)(v), ∀X ∈ h,∀ψ ∈ Σr,∀v ∈ Kp.

This proves the lemma in this case.
(ii) If r is multiple of 4, the even Clifford algebra Cl0r has two inequivalent algebra

representations Σ±r . One can write like before m = Σ+ ⊗K Kp ⊕ Σ− ⊗K Kp′ for some
p, p′ ≥ 0, and ϕ is given by ϕ(A)(ψ+⊗ v+ψ−⊗ v′) = (ξ+(A)ψ+)⊗ v+ (ξ−(A)ψ−)⊗ v′.
The rest of the proof is similar, using the fact that every endomorphism from Σ±r to Σ∓r
commuting with the Clifford action of so(r) vanishes. �

Let us introduce the ideals h1 := ker(ρ∗) and h2 := ker(λ) of h. Since the isotropy
representation is faithful, h1 ∩ h2 = 0 and it is easy to see that h1 is orthogonal to
h2 with respect to the restriction to h of any adg-invariant scalar product. Denoting
by h0 the orthogonal complement of h1 ⊕ h2 in h we obtain the following orthogonal
decomposition:

h = h0 ⊕ h1 ⊕ h2 (1.5)

and the corresponding splitting of the Cartan subalgebra of h: t = t0 ⊕ t1 ⊕ t2.
Lemma 1.11 yields further a description of the weights of the isotropy representation

of homogeneous spaces with Clifford structure. We assume from now on that rk(G) =
rk(H) and choose a common Cartan subalgebra t ⊂ h ⊂ g. The system of roots of g is
then the disjoint union of the system of roots of h and the weights of the complexified
isotropy representation. Since each weight is simple (cf. [8, p. 38]) we deduce that all
weights of m⊗R C are simple.

If r is not multiple of 4, Lemma 1.11 (i) shows that the isotropy representation m is
isomorphic to µ⊗K λ for some representations µ and λ of h over K. In order to express
m ⊗R C it will be convenient to use the following convention: If ν is a representation
over K, we denote by νC the representation over C given by

νC = ν ⊗R C, if K = R
νC = ν, if K = C
νC = ν, if K = H

where in the last row ν is viewed as complex representation by fixing one of the complex
structures. Using the fact that if µ and λ are quaternionic representations, then there
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is a natural isomorphism between (µ⊗H λ)C and µC ⊗C λ
C, one can then write{

m⊗R C = µC ⊗C λ
C, if K = R or H

m⊗R C = µC ⊗C λ
C ⊕ µ̄C ⊗C λ̄

C, if K = C
(1.6)

If r is multiple of 4, then m = µ+ ⊗K λ+ ⊕ µ− ⊗K λ− by Lemma 1.11 (ii), and the
field K is either R or H. Consequently,

m⊗R C = µC+ ⊗C λ
C
+ ⊕ µC− ⊗C λ

C
−. (1.7)

Let us denote by A := {α1, . . . , αp} ⊂ t∗ the weights of the representation λC, defined
when r is not a multiple of 4. For r = 2q + 1 λC is self-dual, so A = −A. Moreover,
K = H if q ≡ 1 or 2 mod 4, so p = ]A is even, whereas for q ≡ 0 or 3 mod 4 p might
be odd, i.e. one of the vectors αi may vanish.

For r = 2q with q even, we denote by A := {α1, . . . , αp} and G := {γ1, . . . , γp′} the
weights of the representations λC±. Since they are both self-dual we have A = −A and
G = −G and we note that K = H for q ≡ 2 mod 4, whence p and p′ are even in this
case.

Recall now that for r = 2q + 1, the weights of the complex spin representation ΣC
r

are

W(ΣC
r ) =


q∑
j=1

εjej , εj = ±1

 ,

where {ej} is some orthonormal basis of the dual of some Cartan subalgebra of so(2q+1).
Similarly, if r = 2q with q odd, the weights of the complex spin representation ΣC

r are

W(ΣC
r ) =


q∑
j=1

εjej , εj = ±1,

q∏
j=1

εj = 1

 ,

and for r = 2q with q even, the weights of the complex half-spin representations (Σ±r )C

are

W((Σ+
r )C) =


q∑
j=1

εjej , εj = ±1,

q∏
j=1

εj = 1

 ,

W((Σ−r )C) =


q∑
j=1

εjej , εj = ±1,

q∏
j=1

εj = −1

 .

We denote by βj ∈ t∗ the pull-back through µ∗ of the vectors 1
2ej , for j = 1, . . . , q.

Since µ = ξ ◦ ρ∗ (and µ± = ξ± ◦ ρ∗ for r multiple of 4), the above relations give
directly the weights of µC or µC± as linear combinations of the vectors βj . Taking into
account Lemma 1.7, Lemma 1.11, (1.6)-(1.7) and the previous discussion, we obtain
the following description of the weights of the isotropy representation of a homogeneous
Clifford structure:
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Proposition 1.12 If there exists a homogeneous Clifford structure of rank r on a com-
pact homogeneous space G/H with rk(G) = rk(H), then the set W :=W(m) of weights
of the isotropy representation is an admissible subsystem of roots of R(g) and is of one
of the following types:

(I) If r = 2q + 1, then there exists A := {α1, . . . , αp} ⊂ t∗ with A = −A such that

W = A + {
q∑
j=1

εjβj}ε∈Eq and ]W = p · 2q. Moreover, if q ≡ 1 or 2 mod 4 then p

is even, so αi 6= 0 for all i.

(II) If r = 2q with q odd, then W = {(
q∏
j=1

εj)αi +
q∑
j=1

εjβj}i=1,p,ε∈Eq and ]W = p · 2q.

(III) If r = 2q with q ≡ 2 mod 4, then there exist A := {α1, . . . , αp} and G :=
{γ1, . . . , γp′} in t∗ with A = −A and G = −G such that

W = A+


q∑
j=1

εjβj |
q∏
j=1

εj = 1


ε∈Eq

⋃
G +


q∑
j=1

εjβj |
q∏
j=1

εj = −1


ε∈Eq

and ]W = (p+ p′) · 2q−1. In this case one of p or p′ might vanish, but p and p′ are
even, so the vectors αi and γi are all non-zero.

(IV) If r = 2q with q ≡ 0 mod 4 (in this case the semi-spinorial representation is real),
then there exist A := {α1, . . . , αp} and G := {γ1, . . . , γp′} in t∗ with A = −A and
G = −G such that

W = A+


q∑
j=1

εjβj |
q∏
j=1

εj = 1


ε∈Eq

⋃
G +


q∑
j=1

εjβj |
q∏
j=1

εj = −1


ε∈Eq

and ]W = (p+ p′) · 2q−1. In this case one of p or p′ might vanish, as well as one
of the vectors αi or γi.

In order to describe the homogeneous Clifford structures we shall now obtain by
purely algebraic arguments several restrictions on the possible sets of weights of the
isotropy representation given by Proposition 1.12.

Proposition 1.13 Let A := {α1, . . . , αp} and B := {β1, . . . , βq} be subsets in a Eu-
clidean space (V, 〈 ·, · 〉) with βj 6= 0, j = 1, q. The following restrictions for q hold:

(I) If A = −A and P1 := A + {
q∑
j=1

εjβj}ε∈Eq is a subsystem of roots, then q ≤ 4.

Moreover, if q = 4, then αi = 0 for all 1 ≤ i ≤ p.

(II) If q is odd and P2 := {(
q∏
j=1

εj)αi +
q∑
j=1

εjβj}i=1,p,ε∈Eq is a subsystem of roots, then

q ≤ 7. Moreover, if q = 5 or q = 7, then αi 6= 0 for all 1 ≤ i ≤ p.
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(III)-(IV) If q is even, A = −A and

P3 := A+


q∑
j=1

εjβj |
q∏
j=1

εj = 1


ε∈Eq

or

P4 := A+


q∑
j=1

εjβj |
q∏
j=1

εj = −1


ε∈Eq

is a subsystem of roots, then q ≤ 8. Moreover, if q = 8, then αi = 0 for all
1 ≤ i ≤ p. Thus, if there exists some αi 6= 0, it follows that q ≤ 6.

Proof. (I) If there exists i ∈ {1, . . . , p} such that αi 6= 0, let β0 := αi and β :=
q∑
j=0

βj .

By changing the signs if necessary, we may assume without loss of generality that β has
the largest norm among all elements of P1 and ‖β‖2 = 1. From (1.1) it follows that

〈β, β − 2βj 〉 ∈
{

0,±1

2

}
, j = 0, . . . , q.

We then have 1
2(q+ 1) ≥

q∑
j=0
〈β, β− 2βj 〉 = q− 1, which shows that q ≤ 3. If αi = 0 for

all i ∈ {1, . . . , p}, it follows by the same argument that q ≤ 4.

(II) If there exists i ∈ {1, . . . , p} such that αi = 0, then {
q∑
j=1

εjβj}ε∈Eq ⊂ P2 and it

follows from (I) that q ≤ 4. In particular, this shows that if q ∈ {5, 7}, then αi 6= 0, for
all i = 1, . . . , p.

Otherwise, if αi 6= 0 for all i = 1, . . . , p, then by denoting β0 := α1, we have

{(
q∏
j=1

εj)α1 +
q∑
j=1

εjβj}ε∈Eq = {
q∑
j=0

εjβj |
q∏
j=0

εj = 1}ε∈Eq+1 ⊂ P2. This subset is of the same

type as those considered in (III)–(IV) with q + 1 even and with all αi = 0. It then
follows from (III)–(IV) that q + 1 ≤ 8, so q ≤ 7.

(III)–(IV): If we denote by β′j := β2j−1+β2j , for j = 1, . . . , q2 , thenA+{
q/2∑
j=1

εjβ
′
j}ε∈Eq/2 ⊂

P3 is a subsystem of roots. It then follows from (I) that q ≤ 8 and the equality is at-
tained only if αi = 0, for all i = 1, . . . , p. The same argument holds for P4 if we choose
β′1 = β1 − β2 and β′j := β2j−1 + β2j , for j = 2, . . . , q2 . �

We now give a more precise description of the subsystems of roots that may occur
in the limiting cases of Proposition 1.13. Namely, we determine all the possible scalar
products between the roots.

Lemma 1.14 (a) Let P := {
q∑
j=1

εjβj}ε∈Eq be a subsystem of roots with ]P = 2q.



1.3. THE ISOTROPY REPRESENTATION 29

(i) If q = 4, then the Gram matrix of scalar products (〈βi, βj 〉)ij is (up to a permu-
tation of the subscripts and sign changes) one of the following:

1

4
id4 or M0 :=


1
4 0 0 0
0 1

8
1
16

1
16

0 1
16

1
8

1
16

0 1
16

1
16

1
8

 . (1.8)

Moreover, if P is admissible, then only the first case can occur, the Gram matrix
is (〈βi, βj 〉)ij = 1

4 id4 and P = R(so(8)), P \ P = R(so(4)⊕ so(4)).

(ii) If q = 3, then the Gram matrix of scalar products (〈βi, βj 〉)ij is (up to a permu-
tation of the subscripts and sign changes) one of the following:

M1 :=

 1
2 0 0
0 1

4 0
0 0 1

4

 or M2 :=

 1
3 0 1

6
0 1

4 0
1
6 0 1

12

 or M3 :=

 3
8

1
16

1
16

1
16

1
8

1
16

1
16

1
16

1
8

 .

(1.9)
Moreover, if P is admissible, then only the first two cases can occur. For the
Gram matrix (〈βi, βj 〉)ij = M1 the subsystems of roots are P = R(so(6)) and
P \ P = R(so(4)) and for (〈βi, βj 〉)ij = M2, P = R(g2) and P \ P = R(so(4)).

(b) Let P := {
q∑
j=1

εjβj |
q∏
j=1

εj = 1}ε∈Eq be an admissible subsystem of roots with ]P = 2q.

If q = 8, then the Gram matrix (〈βi, βj 〉)ij is (up to a permutation of the subscripts
and sign changes) equal to 1

8 id8.

Proof. (i) As in the proof of Proposition 1.13, we denote by β :=
q∑
j=0

βj and, up

to sign changes, we may assume that β has the largest norm among all elements of
P and that this norm is equal to 1. We consider the Gram matrix of scalar products
(〈βi, βj 〉)ij . Since 〈βj , β 〉 = 1

4 for all j = 1, 4, the sum of the elements of each of its
lines is 1

4 .
Since ‖β‖2 = 1 is the largest norm of the roots in P, it follows that the square norms

of the other roots may take the following values: {1, 1
2 ,

1
3}, so that

‖β − 2βi‖2 = 4‖βi‖2 ⇒ ‖βi‖2 ∈
{

1

4
,
1

8
,

1

12

}
, for all 1 ≤ i ≤ 4. (1.10)

Let i, j ∈ {1, . . . , 4}, i 6= j and assume that ‖βi‖2 ≥ ‖βj‖2. As 〈β − 2βi, β − 2βj 〉 =
4〈βi, βj 〉, it follows by (1.1) that 〈βi, βj 〉 ∈ {0,±1

2‖βi‖
2}.

The case 〈βi, βj 〉 = −1
2‖βi‖

2 cannot occur, because it leads to the following contra-
diction:

0 < ‖β − 2βi − 2βj‖2 = 4‖βi + βj‖2 − 1 = 4‖βj‖2 − 1 ≤ 0.

Assume that there exists i, j ∈ {1, . . . , 4}, i 6= j, such that 〈βi, βj 〉 = 1
2‖βi‖

2.
It then follows ‖βi + βj‖2 = 2‖βi‖2 + ‖βj‖2 ∈ {1

2 ,
3
8 ,

1
3}, which combined with the
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restrictions (1.10) yield the following possible values: either ‖βi‖2 = ‖βj‖2 = 1
8 or

‖βi‖2 = 1
8 , ‖βj‖

2 = 1
12 . In both cases 〈βi, βj 〉 = 1

16 . Hence, all non-diagonal entries
are either 0 or 1

16 and since the sum of the elements of each line is equal to 1
4 , the

case ‖βj‖2 = 1
12 is excluded. It follows that each line of the Gram matrix (〈βi, βj 〉)ij

either has all non-diagonal entries equal to 0 and the diagonal term is 1
4 or two of

them are 1
16 , one is 0 and the diagonal term is 1

8 . In particular, ‖βi‖2 ∈ {1
4 ,

1
8}, for all

1 ≤ i ≤ 4. Up to a permutation of the subscripts we may assume that ‖βi‖2 ≥ ‖βj‖2
for all 1 ≤ i < j ≤ 4. The following two cases may occur: either ‖β1‖2 = ‖β2‖2 = 1

4 or
‖β1‖2 = 1

4 and ‖β2‖2 = 1
8 .

In the first case at most one non-diagonal term may be 1
16 , showing that they must

all be equal to 0. This contradicts 〈βi, βj 〉 = 1
2‖βi‖

2 6= 0. In the second case, since we
have one non-diagonal term equal to 1

16 , we must have another one and then ‖β3‖2 =
‖β4‖2 = 1

8 . Hence, the corresponding Gram matrix is equal to M0 defined by (1.8).

The subsystem of roots corresponding to the matrix M0 is not admissible, since
the necessary criterion given by Lemma 1.6 is not fulfilled: the set {βi}i=1,4 is linearly
independent (since the Gram matrix is invertible) and β, β − 2β2 are two roots of the
subsystem, which have different norms ‖β−2β2‖2 = 1

2 = 1
2‖β‖

2 and are not orthogonal:
〈β, β − 2β2 〉 = 1

2 .

The only case left is when {βi}i=1,4 is an orthonormal system. In this case the new
roots obtained by considering all possible reflections are the roots {±2βi}i=1,4, which
are of the same norm and orthogonal to each other and thus build the system of roots

of su(2) ⊕ su(2) ⊕ su(2) ⊕ su(2). Then the minimal set of roots is P = {±
4∑
j=1

εjβj} ∪

{±2βi}i=1,4, which is the system of roots of so(8), proving (i).

(ii) If q = 3, we assume as above that β := β1 + β2 + β3 is the element of P
of maximal norm and ‖β‖2 = 1. From (1.1) it follows that 〈β, β − 2βi 〉 ∈ {0,±1

2},
for all i = 1, 3, yielding that 〈β, βi 〉 ∈ {1

2 ,
1
4 ,

3
4}. Since 1 = ‖β‖2 =

∑3
i=1〈βi, β 〉,

the only possible values (up to a permutation of the subscripts) are 〈β1, β 〉 = 1
2 and

〈β2, β 〉 = 〈β3, β 〉 = 1
4 . Then, from ‖β − 2βi‖2 ∈ {1, 1

2 ,
1
3}, it follows that

‖β1‖2 ∈
{

1

2
,
3

8
,
1

3

}
, ‖β2‖2, ‖β3‖2 ∈

{
1

4
,
1

8
,

1

12

}
. (1.11)

Since 〈β, β − 2β1 〉 = 0 and 〈β, β − 2β2 〉 = 〈β, β − 2β3 〉 = 1
2 , we obtain the following

expressions for the scalar products:

2〈β2, β3 〉 = ‖β1‖2 − ‖β2‖2 − ‖β3‖2, (1.12)

2〈β1, β2 〉 =
1

2
+ ‖β3‖2 − ‖β1‖2 − ‖β2‖2, (1.13)

2〈β1, β3 〉 =
1

2
+ ‖β2‖2 − ‖β1‖2 − ‖β3‖2. (1.14)

The other conditions for the scalar products of roots in P obtained from (1.1) are:
〈β − 2βi, β − 2βj 〉 ∈ {0,±1

2 max(‖β − 2βi‖2, ‖β − 2βj‖2)}, for all 1 ≤ i < j ≤ 3, which
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imply

〈β2, β3 〉 ∈
{

0,±1

2
max(‖β2‖2, ‖β3‖2)

}
, (1.15)

〈β1, βi 〉 ∈
{

1

8
,
1

8
± 1

2
max(‖β1‖2 −

1

4
, ‖βi‖2)

}
, i = 2, 3. (1.16)

We may assume (up to a permutation) that ‖β2‖2 ≥ ‖β3‖2. By substituting (1.12)–
(1.14) in (1.15)–(1.16) we obtain the following conditions: ‖β1‖2 − ‖β2‖2 − ‖β3‖2 ∈
{0,±‖β2‖2} and ‖β2‖2 − ‖β1‖2 − ‖β3‖2 + 1

4 ∈ {0,±‖β3‖2}, which together with the
restrictions (1.11) for the norms yield the following possible values:

(‖β1‖2, ‖β2‖2, ‖β3‖2) ∈
{(

1

2
,
1

4
,
1

4

)
,

(
1

3
,
1

4
,

1

12

)
,

(
3

8
,
1

8
,
1

8

)}
.

We thus obtain that the Gram matrix (〈βi, βj 〉)ij must be equal to one of the three
matrices Mi, i = 1, 3, defined by (1.9).

By Lemma 1.6, the subsystem of roots corresponding to M3 is not admissible, since
the set {βi}i=1,3 is linearly independent (its Gram matrix is invertible) and there exist

two roots β, β−2β2 of different norms ‖β−2β2‖2 = 1
2 = 1

2‖β‖
2, which are not orthogonal:

〈β, β − 2β2 〉 = 1
2 .

The subsystem of roots corresponding to the matrix M1 is admissible and in this case
the minimal set of roots containing P is obtained by adjoining the roots ±2β2 and ±2β3,
which also have norm equal to 1, showing that P = R(so(6)) and P \ P = R(so(4)).

For the Gram matrix M2, it follows that β1 = 2β3 and {β1, β2} are linearly in-
dependent. The roots in P have the following norms: ‖β‖2 = ‖β − 2β2‖2 = 1 and
‖β − 2β1‖2 = ‖β − β1‖2 = 1

3 and the roots added by all possible reflections in order to
obtain the minimal system of roots P are {±β1,±2β2} with ‖β1‖2 = 1

3 , ‖2β2‖2 = 1 and
〈β1, 2β2 〉 = 0. It thus follows that P \ P = R(su(2)⊕ su(2)) and P = R(g2) (cf. [2, p.
32]).

(b) If we denote by β′j := β2j−1 + β2j , for j = 1, . . . , 4, then {
4∑
j=1

εjβ
′
j}ε∈E4 ⊂ P is

a subsystem of roots. From (i) it follows that the Gram matrix (〈β′i, β′j 〉)i,j is (up to

rescaling, reordering and sign change of the vectors β′j) either 1
4 id or the matrix M0

defined by (1.8).
We claim that the second case cannot occur. Indeed, if this were the case, then

‖β1 + β2‖2 = 1
4 , ‖β2j−1 + β2j‖2 = 1

8 for j = 2, 3, 4, and

〈β3 + β4, β5 + β6 〉 =
1

16
. (1.17)

For every j and k with 3 ≤ j < k ≤ 8, there exists l ∈ {2, 3, 4} such that {2l − 1, 2l} ∩
{j, k} = ∅. Let {s, t} denote the complement of {1, 2, j, k, 2l − 1, 2l} in {1, . . . , 8}. The
Gram matrix of {β1 + β2, β2l−1 + β2l, βj − βk, βs − βt} has at least two different values
on the diagonal. Again from (i), it follows that the remaining diagonal terms ‖βj−βk‖2
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and ‖βs − βt‖2 must both be equal to 1
8 . Thus, ‖βj − βk‖2 = 1

8 for all 3 ≤ j < k ≤ 8.
By the same argument we also obtain ‖βj + βk‖2 = 1

8 for all 3 ≤ j < k ≤ 8. Thus,
〈βj , βk 〉 = 0 for all 3 ≤ j < k ≤ 8, contradicting (1.17).

This shows that the vectors β′j are mutually orthogonal. Applying this to different
partitions of the set {1, . . . , 8} into four pairs we get that βj +βk is orthogonal to βs+βt
for all mutually distinct subscripts j, k, s and t. This clearly implies that 〈βi, βj 〉 = 0
for all i 6= j. It then also follows that ‖βj‖2 = 1

8 , for j = 1, . . . , 8, proving (b). �

1.4 Homogeneous Clifford Structures of high rank

A direct consequence of Propositions 1.12 and 1.13 is the following upper bound for the
rank of a homogeneous Clifford structure:

Theorem 1.15 The rank r of any even homogeneous Clifford structure on a homoge-
neous compact manifold G/H of non-vanishing Euler characteristic is less or equal to 16.
More precisely, the following restrictions hold for the rank depending on its 2-valuation:

(I) If r is odd, then r ∈ {3, 5, 7, 9}.

(II) If r ≡ 2 mod 4, then r ∈ {2, 6, 10}.

(III) If r ≡ 4 mod 8, then r ∈ {4, 12}.

(IV) If r ≡ 0 mod 8, then r ∈ {8, 16}.

Proof. We only need to show that in case (II), the rank r is strictly less than 14.
This will be done in the proof of Theorem 1.16 (II). �

We further describe the manifolds which occur in the limiting cases for the upper
bounds in Theorem 1.15.

Theorem 1.16 The maximal rank r of an even homogeneous Clifford structure for each
of the types (I)-(IV) and the corresponding compact homogeneous manifolds M = G/H
(with rk(G) = rk(H)) carrying such a structure are the following:

(I) r = 9 and M is the Cayley projective space OP2 = F4/Spin(9).

(II) r = 10 and M = (C⊗O)P2 = E6/(Spin(10)×U(1)/Z4).

(III) r = 12 and M = (H⊗O)P2 = E7/Spin(12) · SU(2).

(IV) r = 16 and M = (O⊗O)P2 = E8/(Spin(16)/Z2).

Proof. Let M = G/H (rk(G) = rk(H)) carry a homogeneous Clifford structure of
rank r.

(I) If r is odd, r = 2q + 1, then it follows from Theorem 1.15 (I) that r ≤ 9.
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By Proposition 1.12 (I) and Lemma 1.14 (i), the set W := W(m) of weights of the

isotropy representation is W = {
q∑
j=1

εjβj}ε∈Eq with ]W = 2q and R(so(8)) ⊆ R(g). In

particular the representation λ is trivial, so h = h2 and ]R(g) ≥ 24.

Since ρ∗ : h2 → so(9) is injective and h = h2, it follows that rk(h) ≤ 4.

If rk(h) ≤ 3, then ]R(g) ≤ 18 by a direct check in the list of Lie algebras of rank 3.
This contradicts the fact that ]R(g) ≥ 24.

Thus, rk(h) = 4 and ρ∗ is a bijection when restricted to a Cartan subalgebra of
h. On the other hand, from Lemma 1.14 (i), it also follows that the Gram matrix
(〈βi, βj 〉)ij is equal to 1

4 id4. The new roots obtained by reflections given by (1.3) are
the following: ±2βi = ±ei ◦ ρ∗ ∈ R(h), for all i = 1, 4. As rk(h) = 4 = rk(so(9)), we
may apply Lemma 1.8 for h ⊆ so(9) and get that {±ei ± ej | 1 ≤ i < j ≤ 4}, which
are roots of so(9), are also roots of h. Thus, h = so(9). The Lie algebra g, whose
system of roots is obtained by joining the system of roots of so(9) with the weights
of the spinorial representation of spin(9), is then exactly f4 (cf. [2, p. 55]). We note
that we cannot extend f4, since there is no other larger Lie algebra of the same rank.
Using the fact that the closed subgroup of F4 corresponding to the above embedding
of so(9) in f4 is Spin(9) (cf. [2, Thm. 6.1]), we deduce that the only homogeneous
manifold carrying a homogeneous Clifford structure of rank 9 is the Cayley projective
space OP2 = F4/Spin(9).

(II) By Theorem 1.15 (II), r ≤ 14. We first show that there exists no homogeneous
Clifford structure of rank r = 14.

Let r = 2q = 14. In this case, by Proposition 1.12 (II), the set of weights of the

isotropy representation is W := W(m) =

{
(

7∏
j=1

εj)αi +
7∑
j=1

εjβj

}
i=1,p,ε∈E7

with ]W =

p · 27. Proposition 1.13 (II) yields that αi 6= 0, for all 1 ≤ i ≤ p.
We claim that the following inclusion holds: R(so(16)) ⊆ W \W. This can be seen

as follows. Denoting by β0 := α1 and β := β0 + · · ·+β7, the setW contains the following

subsystem of roots {
7∑
j=0

εjβj |
7∏
j=0

εj = 1}ε∈E8 . From Lemma 1.14 (b) it follows that the

Gram matrix (〈βi, βj 〉)i,j=0,7 is equal to 1
8 id8. Then, for all 0 ≤ i < j ≤ 7 we have

〈β, β−2βi−2βj 〉 = 1
2 , implying by (1.3) that there are new roots ±2(βi+βj) ∈ W\W.

Similarly, for any 0 ≤ k ≤ 7 distinct from i and j, 〈β−2βi−2βk, β−2βj−2βk 〉 = 1
2 yields

the new roots ±2(βi−βj) ∈ W \W. It thus follows that R(so(16)) = {±2(βi±βj) | 0 ≤
i ≤ 7} ⊆ W \W.

Since R(so(16)) ⊆ W \ W ⊆ R(h), it follows that so(16) is a Lie subalgebra of h.
Recall the splitting (1.5): h = h0⊕h1⊕h2, where h0⊕h2 ⊆ so(14). As so(16) is a simple
Lie algebra, it follows that so(16) ⊆ h1. In particular, this implies p ≥ 8.

On the other hand, we show that p = 1. Assume that p ≥ 2. By Lemma 1.14 (b),
the Gram matrix of both subsystems of roots {α1, β1, . . . , β7} and {α2, β1, . . . , β7} is
equal to 1

8 id8. Denoting by a := 〈α1, α2 〉, we obtain the following values for the scalar
products between the roots containing α1 and α2: {a+ 7

8 , a+ 3
8 , a−

1
8}. From (1.1), we

know that these values must belong to {0,±1
2}. It then follows that the only possible
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value for a = 〈α1, α2 〉 is −3
8 . This leads to a contradiction by computing the following

norm: ‖α1 + α2‖2 = −1
2 < 0.

Thus, the case r = 14 is not possible.

Now, for rank r = 10 = 2q, by Proposition 1.12 (II), the set of weights of the isotropy

representation is W :=W(m) = {(
5∏
j=1

εj)αi +
5∑
j=1

εjβj}i=1,p,ε∈E5 with ]W = p · 25. From

Proposition 1.13 (II), it then follows that αi 6= 0, for all 1 ≤ i ≤ p. We will further show
that p = 1 and the following inclusions hold: R(spin(10)⊕ u(1)) ⊆ W \W, R(e6) ⊆ W.

Let β0 := α1 and β′j := β2j + β2j+1, for j = 0, 1, 2. Then {
∑2

j=0 εjβ
′
j} ⊂ W

is an admissible subsystem of roots. By Lemma 1.14 (ii), the Gram matrix B′ :=
(〈β′i, β′j 〉)i,j=0,2 is one of the three matrices in (1.9). We may assume that β′0 is of
maximal norm and equal to 1, so that the possible Gram matrices B′ are normalized as
follows:

M1 :=

 1 0 0
0 1

2 0
0 0 1

2

 ,M2 :=

 1 0 1
2

0 3
4 0

1
2 0 1

4

 ,M3 :=

 1 1
6

1
6

1
6

1
3

1
6

1
6

1
6

1
3

 . (1.18)

We first note that the norm of β :=
∑5

j=0 βj , which is equal to the sum of all elements

of the matrix B′, may take the following values: ‖β‖2 = 2 for M1, ‖β‖2 = 3 for M2,
‖β‖2 = 8

3 for M3. We will show that the last two cases cannot occur.

Let us first assume that B′ = M2. In this case β′0 = 2β′2, i.e. β0 + β1 = 2(β4 + β5).
Considering now another pairing by permuting the subscripts 2, 3, 4, 5, we get a Gram
matrix which must also be equal to M2, since ‖β‖2 does not change. We may thus
assume that β0 + β1 = 2(β2 + β4) and is furthermore equal either to 2(β2 + β5) or to
2(β3 + β4). In both cases it follows that there exists i 6= j ∈ {2, 3, 4, 5}, such that
βi = βj . Then, for any k 6= i, j, the roots β − 2βi − 2βk, β − 2βj − 2βk ∈ W are equal,
which contradicts ]W = p · 25. Thus, B′ 6= M2.

Let us now assume that the Gram matrix B′ is equal to M3. Then ‖β‖2 = 8
3 and

since this is the maximal norm, it follows that for any other possible pairing of the
vectors βj , the corresponding Gram matrix is either M1 or M3 (because the sum of all
elements of M2 is 3 > 8

3).

We consider as above other pairings by permuting the subscripts {2, 3, 4, 5}. Again
by Lemma 1.14 (ii), it follows that the corresponding Gram matrix is one of the matrices
in (1.18) and, since ‖β‖2 does not change, it must also be equal to M3. In particular,
we have:

‖βi + βj‖2 =
1

3
, (1.19)

〈βi + βj , βk + βl 〉 =
1

6
, (1.20)

for any permutation (i, j, k, l) of (2, 3, 4, 5).

Consider now the following pairings of the vectors βj :

β′′0 := β0 + β1, β
′′
1 := ±(βi − βj), β′′2 := ±(βk − βl),



1.4. HOMOGENEOUS CLIFFORD STRUCTURES 35

where (i, j, k, l) is any permutation of (2, 3, 4, 5) and in each case the signs for β′′1 and
β′′2 are chosen such that

‖β′′0 + β′′1 + β′′2‖2 = max{‖β′′0 ± β′′1 ± β′′2‖2}.

Then {
∑2

j=0 εjβ
′′
j } is a subsystem of roots of W and by the same argument as above its

Gram matrix B′′ := (〈β′′i , β′′j 〉)i,j=0,2 is either M1 or M3.

Since ‖β′′0‖2 = 1, it follows that in both cases the norms of the other two vectors are
equal: ‖β′′1‖2 = ‖β′′2‖2, i.e. ‖βi − βj‖2 = ‖βk − βl‖2 ∈ {1

2 ,
1
3}. By (1.19), we then obtain

for any i, j ∈ {2, 3, 4, 5} that 〈βi, βj 〉 = 1
4(‖βi + βj‖2 − ‖βi − βj‖2) ∈ {0,− 1

24}. It then
follows that 〈βi + βj , βk + βl 〉 < 0, for any permutation (i, j, k, l) of (2, 3, 4, 5), which
contradicts (1.20). Thus, B′ 6= M3.

The only possibility left is B′ = M1. Then ‖β‖2 = 2 and since it is the element of
maximal norm, it follows that for any other pairing of the vectors βj , the corresponding
Gram matrix is also equal to M1. We then have B′ = B′′ = M1, which implies:

〈β0 + β1, βi ± βj 〉 = 0, (1.21)

‖βi + βj‖2 = ‖βi − βj‖2 =
1

2
, (1.22)

〈βi + βj , βk + βl 〉 = 〈βi − βj , βk − βl 〉 = 0, (1.23)

for any permutation (i, j, k, l) of (2, 3, 4, 5). From (1.21) it follows that 〈β0 +β1, βi 〉 = 0
for all 2 ≤ i ≤ 5. From (1.23) it follows that 〈βi, βj 〉 = 0, for 2 ≤ i < j ≤ 5 and then
from (1.22) we obtain ‖βi‖2 = 1

4 , for 2 ≤ i ≤ 5.
For pairings of the following form β0 − β1, βi − βj , βk + βl, where again (i, j, k, l) is

a permutation of (2, 3, 4, 5), the corresponding Gram matrix must also be equal to M1.
Since ‖βi±βj‖2 = 1

4 , for all 2 ≤ i < j ≤ 5, it follows that ‖β0−β1‖2 = 1, so 〈β0, β1 〉 = 0.
By the above argument applied to this pairing, it follows a similar relation, namely:
〈β0 − β1, βi ± βj 〉 = 0, which together with (1.21) yields 〈β0, βi 〉 = 〈β1, βj 〉 = 0, for
2 ≤ i ≤ 5. Thus, the Gram matrix (〈βi, βj 〉)0≤i,j≤5 is diagonal with ‖β0‖2 + ‖β1‖2 = 1
and ‖βi‖2 = 1

4 , for 2 ≤ i ≤ 5.
The second element in the decreasing order of the set {‖βi + βj‖2 | 0 ≤ i < j ≤ 5}

must be, up to a permutation of 0 and 1, of the form β0 + βk, for some 2 ≤ k ≤ 5. By
taking now, for instance, a pairing with first element equal to β0 + βk, it follows that
its Gram matrix is equal to M1 and by the same argument as above ‖β1‖2 = 1

4 and,
consequently, ‖β0‖2 = 3

4 . Since we allowed permutations, we have to consider two cases:
‖α1‖2 ∈ {3

4 ,
1
4}.

If ‖α1‖2 = 1
4 , we may assume that ‖β1‖2 = 3

4 and ‖βi‖2 = 1
4 , for all 2 ≤ i ≤ 5. Since

the Gram matrix is now completely known, we compute the scalar products between the
roots inW and by (1.3) we obtain: {±2(α1±βi),±2(βj±βi)| 2 ≤ i < j ≤ 5} ⊆ W\W ⊆
R(h). Considering the orthogonal decomposition (1.5) of h, it follows by Lemma 1.9 (ii)
that there is a k ∈ {0, 1, 2} such that {±2(α1±βi),±2(βj±βi)| 2 ≤ i < j ≤ 5} ⊆ R(hk).
Since α1 ∈ h0⊕ h1 and βi ∈ h0⊕ h2, for 1 ≤ i ≤ 5, the only possible value is k = 0. This
implies that so(10) ⊆ h0 and thus p ≥ 5. We show that this is not possible.
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Assuming that p ≥ 2 and computing the scalar products between α1 + β1 + · · ·+ β5

and α2 + β1 ± (β2 + β3) ± (β4 + β5), we get the following values {a + 7
4 , a + 3

4 , a −
1
4},

where a := 〈α1, α2 〉. By (1.1), we know that {a + 7
4 , a + 3

4 , a −
1
4} ⊆ {0,±1}. Hence,

a = −3
4 , which implies that ‖α1 +α2‖2 = −1. Thus, the case ‖α1‖2 = 1

4 may not occur.
We then have ‖α1‖2 = 3

4 and ‖βi‖2 = 1
4 , for 1 ≤ i ≤ 5. Again by computing

all possible scalar products, we produce by (1.3) the new roots {±2(βi ± βj)| 1 ≤ i <
j ≤ 5} ⊆ R(h). By Lemma 1.9 (i) and (ii), there exists a k ∈ {0, 1, 2} such that
{±2(βi±βj)| 1 ≤ i < j ≤ 5} are all roots of one of the components hk of the orthogonal
splitting h = h0 ⊕ h1 ⊕ h2 given by (1.5). As βi ∈ h0 ⊕ h2 for 1 ≤ i ≤ 5, it follows that
k ∈ {0, 2}. Thus, R(hk) contains the whole system of roots of so(10). On the other
hand, h0⊕h2 ⊆ so(10). Hence, there are two possibilities: either h0 = so(10) and h2 = 0
or h0 = 0 and h2 = so(10).

Let us first note that if p ≥ 2, then 〈αi, αj 〉 = −1, for all 1 ≤ i < j ≤ p. By
computing the scalar products between the different roots containing αi, respectively
αj , we obtain the following values: a := 〈αi, αj 〉 ∈ {a+ 5

4 , a+ 1
4 , a−

3
4}, which by (1.1)

must be contained into {0,±1}. Hence, the only possible value is a = −1
4 .

In the first case, h0 = so(10) implies that p ≥ 5, which by the above remark leads to
the following contradiction: ‖α1 + · · ·+ α5‖2 = −5

4 < 0.
Thus, the second case h2 = so(10) and h0 = 0 must hold. We show that p = 1.

Assuming p ≥ 2, we compute 〈α1 + β1 + · · ·+ β5, α2 + β1 − β2 − · · · − β5 〉 = −1, which
by (1.3) yields the new mixed root α1 + α2 + 2β1 ∈ R(h), contradicting Lemma 1.9 (i)
(since α1 + α2 ∈ h1 and β1 ∈ h2). Thus, p = 1 and h1 = u(1).

Concluding, it follows that h = so(10)⊕u(1). Therefore,R(g) =W∪R(so(10)⊕u(1)),
is exactly the system of roots of e6 (cf. [2, p. 57]), hence g = e6. From [2, Thm.
6.1], the Lie subgroup of E6 corresponding to the above embedding of so(10) ⊕ u(1)
in e6 is Spin(10) × U(1)/Z4, showing that the only homogeneous manifold carrying
a homogeneous Clifford structure of rank r = 10 is the exceptional symmetric space
(C⊗O)P2 = E6/(Spin(10)×U(1)/Z4).

(III) By Theorem 1.15 (III), the maximal rank in this case is r = 12. For r = 12 = 2q,
from Proposition 1.12 (III), there exist A := {α1, . . . , αp} and G := {γ1, . . . , γp′} in t∗

with A = −A and G = −G such that the set of weights of the isotropy representation is
given by:

W(m) = A+


6∑
j=1

εjβj |
6∏
j=1

εj = 1


ε∈E6

⋃
G +


6∑
j=1

εjβj |
6∏
j=1

εj = −1


ε∈E6

with ]W = (p+ p′) · 25, where one of p or p′ might vanish, but the vectors αi and γi are
all non-zero.

Assume p 6= 0 (otherwise the same argument applies for p′ 6= 0 by changing the sign
of β1) and denote by

W := A+


6∑
j=1

εjβj |
6∏
j=1

εj = 1


ε∈E6

,
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which is an admissible subsystem of roots as in Proposition 1.13 (III), with ]W = p · 25.

We claim that the following inclusions hold: R(so(12)⊕su(2)) ⊆ W\W, R(e7) ⊆ W.

Let us consider all the subsystems of roots of the following form {
∑4

j=1 εjβ
′
j} ⊂ W,

where β′1 = α1, β′2 = β1 ± β2, β′3 = β3 ± β4, β′4 = β5 ± β6 and such that the number
of minus signs in β′2, β

′
3 and β′4 is even, as well as all the other subsystems obtained by

permuting the subscripts {1, . . . , 6} of the vectors βj .

By Lemma 1.14 (i), the Gram matrix (〈β′i, β′j 〉)i,j is either 1
4 id4 or the matrix M0

defined by (1.8). We further show that the second case can not occur. Indeed, if this
were the case, then at least two of the norms ‖β′2‖2, ‖β′3‖2 and ‖β′4‖2 are equal and after
reordering, rescaling and sign change of the vectors βj we may assume β′2 = β1 + β2,
β′3 = β3 + β4, β′4 = β5 + β6 and ‖β′3‖2 = ‖β′4‖2 = 1

8 , 〈β′3, β′4 〉 = 1
16 . If we denote by

β′′j := β′j , j = 1, 2 and β′′3 = β3 − β4, β′′4 = β5 − β6, then {
∑4

j=1 εjβ
′′
j } ⊂ W is also a

subsystem of roots. Since {‖β′′1‖2, ‖β′′2‖2} = {1
4 ,

1
8}, it follows again by Lemma 1.14 (i)

that the Gram matrix (〈β′′i , β′′j 〉)i,j is equal to M0 defined by (1.8), so that ‖β′′4‖2 =

‖β′′3‖2 = 1
8 = ‖β′3‖2 = ‖β′4‖2. Thus, ‖β1 + β2‖2 = 1

4 , ‖β2j−1 + β2j‖2 = 1
8 for j = 2, 3, 4,

and

〈β3 + β4, β5 + β6 〉 =
1

16
. (1.24)

For every 3 ≤ j < k ≤ 8, there exists l ∈ {2, 3, 4} such that {2l− 1, 2l} ∩ {j, k} = ∅. Let
{s, t} denote the complement of {1, 2, j, k, 2l− 1, 2l} in {1, . . . , 8}. The Gram matrix of
{β1 + β2, β2l−1 + β2l, βj − βk, βs − βt} has at least two different values on the diagonal.
By Lemma 1.14 (i) again, the remaining diagonal terms ‖βj − βk‖2 and ‖βs − βt‖2 are
both equal to 1

8 . Thus ‖βj − βk‖2 = 1
8 for 3 ≤ j < k ≤ 8, and similarly ‖βj + βk‖2 = 1

8
for 3 ≤ j < k ≤ 8. Thus 〈βj , βk 〉 = 0 for all 3 ≤ j < k ≤ 8, contradicting (1.24).

It then follows that the Gram matrix of any subsystem of roots {
∑4

j=1 εjβ
′
j} as

above is (〈β′i, β′j 〉)i,j = 1
4 id4. In particular, this shows that for any 1 ≤ i < j ≤ 6,

‖βi + βj‖2 = ‖βi − βj‖2 = 1
4 , and 〈α1, βi + βj 〉 = 〈α, βi − βj 〉 = 0, implying that

〈βi, βj 〉 = 0 and 〈βi, α1 〉 = 0. For any k 6= i, j we also have ‖βi+βk‖2 = ‖βj+βk‖2 = 1
4 ,

which then yields ‖βi‖2 = 1
8 for 1 ≤ i ≤ 6. Denoting by β′ :=

∑4
i=1 β

′
i, we compute

〈β′ − 2β′i, β
′ 〉 = 1

2 , for 1 ≤ i ≤ 4. By (1.3) we obtain the new roots ±2β′i ∈ W \ W.
Since the argument is true for any such subsystem of roots, we have the new roots
{±2α1,±2(βi±βj)| 1 ≤ i < j ≤ 6} ⊆ W\W, which, by the above orthogonality relations,
build the system of roots of so(12) ⊕ su(2). It thus follows that so(12) ⊕ su(2) ⊆ h.
Furthermore, R(so(12)⊕ su(2)) ∪W = R(e7) (cf. [2, p. 56]), showing that e7 ⊆ g.

We claim that p = 1. Assuming that p ≥ 2, we consider α2 ∈ A\{±α1}. The previous
argument also shows that 〈βi, α2 〉 = 0 for all 1 ≤ i ≤ 6. Denoting by a := 〈α1, α2 〉,
the scalar products between β := α1 +

∑6
j=1 βj and α2± (β1 +β2)± (β3 +β4)± (β5 +β6)

take four possible values: {a ± 3
4 , a ±

1
4}, thus contradicting (1.1), which only allows 3

different values for these scalar products. Hence, p = 1, and similarly p′ ≤ 1.

We further prove that p′ = 0. Assuming the contrary, there exists γ1 6= 0 in G. The
same arguments as before show that 〈βi, γ1 〉 = 0 for 1 ≤ i ≤ 6 and ‖γ1‖2 = 1

4 . Denoting

by a := 〈α1, α2 〉, the set of scalar products between the unit vectors α1 +
∑6

j=1 βj and

γ1 + β1 − β2 ± (β3 + β4) ± (β5 + β6) equals {a, a ± 1
2}. By (1.1), one has necessarily
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a = 0, i.e. α1 ⊥ γ1. We then denote by β7 := 1
2(α1 + β1) and β8 := 1

2(α1 − β1). The
above relations show that 〈βi, βj 〉 = 0, ‖βi‖2 = 1

8 for 1 ≤ i < j ≤ 8 and

W(m) =


8∑
j=1

εjβj |
8∏
j=1

εj = 1


ε∈E8

.

Let β :=
∑8

i=1 βi. Since 〈β, β− 2βi− 2βj 〉 = 1
2 for i 6= j and 〈β− 2βi− 2βk, β− 2βj −

2βk 〉 = 1
2 for i 6= j 6= k 6= i, by (1.3) we obtain that {±2(βi ± βj)| 1 ≤ i < j ≤ 8} ∈

W \W ⊂ R(h). This is exactly the system of roots of so(16). Thus, so(16) ⊆ h. Since
so(16) is simple, the restriction to so(16) of the Clifford morphism ρ∗ : h→ so(12) must
vanish. Moreover, the restriction to so(16) of the representations λ± from Lemma 1.11
vanish, too. Indeed, p = p′ = 1 and K = H so their complex dimensions equal 2. Thus
the isotropy representation of G/H would vanish on so(16) ⊂ h, a contradiction.

As p′ = 0, Lemma 1.11 shows that the isotropy representation can be written m =
µ+ ⊗H λ+, so as in (1.5) we can write

h = h0 ⊕ h1 ⊕ h2 (1.25)

with h1 := ker(ρ∗), h2 := ker(λ+) and h0 = (h1 ⊕ h2)⊥. Since p = 1, it follows that
h0 ⊕ h1 ⊆ su(2). On the other hand, h0 ⊕ h2 ⊆ so(12) and we have proved that
so(12)⊕ su(2) ⊆ h. Hence, we obtain h2 = so(12), h0 = 0 and h1 = su(2). In particular,
we have h = so(12) ⊕ su(2), and R(g) = W(m) ⊕R(h) is isometric to the root system
of e7 (cf. [2, p. 56]). We conclude that M = E7/Spin(12) · SU(2) by [2, Thm 6.1].

(IV) For r = 16 = 2q, it follows from Proposition 1.12 (IV) and Proposition 1.13
(III)-(IV) (for the extremal case q = 8) that (up to a sign change for one of the vectors
βi) p = 1, p′ = 0 and the set of weights of the isotropy representation is given by:

W(m) =


8∑
j=1

εjβj |
8∏
j=1

εj = 1


ε∈E8

.

By Lemma 1.14 (b) it follows that the Gram matrix (〈βi, βj 〉)ij is equal to 1
8 id8.

Thus, all roots in W have norm 1 and 〈β, βi 〉 = 1
8 , where β :=

∑8
i=1 βi. This yields

the following values for the scalar products for all i, j and k mutually distinct : 〈β, β−
2βi − 2βj 〉 = 〈β − 2βi − 2βj , β − 2βi − 2βk 〉 = 1

2 and all other scalar products of roots
in W are 0. The new roots we obtain by (1.3) are then {±2(βi ± βj)| 1 ≤ i < j ≤ 8},
which build the system of roots of so(16). Thus, so(16) ⊆ h. As p = 1 and p′ = 0 and
so(16) ⊆ h, it follows with the notation from (1.25) that so(16) ⊆ h2. On the other hand,
ρ∗ maps h0⊕h2 one-to-one into so(16) and thus we must have equality: h0⊕h2 = so(16).
Consequently, R(g) = R(so16) ∪W is isometric to the system of roots of e8 (cf. [2, p.
56]), showing that g = e8 and M = E8/(Spin(16)/Z2) by [2, Thm 6.1]. �

As already mentioned in Section 1, similar methods could be used to examine the
remaining cases r ≤ 8. However, the arguments tend to be much more intricate as fast
as the rank decreases. In order to keep this paper at a reasonable length, we have thus
decided to limit our study to the extremal cases of Theorem 1.15.
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Chapter 2

Homogeneous almost
quaternion-Hermitian manifolds

Andrei Moroianu, Mihaela Pilca and Uwe Semmelmann

Abstract. An almost quaternion-Hermitian structure on a Riemannian manifold (M4n, g)
is a reduction of the structure group of M to Sp(n)Sp(1) ⊂ SO(4n). In this paper we show
that a compact simply connected homogeneous almost quaternion-Hermitian manifold of non-
vanishing Euler characteristic is either a Wolf space, or S2 × S2, or the complex quadric
SO(7)/U(3).
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2.1 Introduction

The notion of (even) Clifford structures on Riemannian manifolds was introduced in
[12]. Roughly speaking, a rank r (even) Clifford structure on M is a rank r Euclidean
bundle whose (even) Clifford algebra bundle acts on the tangent bundle of M . For
r = 3, an even Clifford structure on M is just an almost quaternionic structure, i.e. a
rank 3 sub-bundle Q of the endomorphism bundle End (TM) locally spanned by three
endomorphisms I, J,K satisfying the quaternionic relations

I2 = J2 = K2 = −id, IJ = K.

If moreover Q ⊂ End−(TM) (or, equivalently, if I, J,K are g-orthogonal), the structure
(M, g,Q) is called almost quaternion-Hermitian [7, 8, 9, 17].

Homogeneous even Clifford structures on homogeneous compact manifolds of non-
vanishing Euler characteristic were studied in [11], where it is established an upper bound

This work was supported by the contract ANR-10-BLAN 0105 “Aspects Conformes de la
Géométrie”. The second-named author thanks the Centre de Mathématiques de l’École Polytechnique
for hospitality during the preparation of this work.
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for their rank, as well as a description of the limiting cases. In this paper we consider
the other extremal case, namely even Clifford structures with the lowest possible (non-
trivial) rank, which is 3 and give the complete classification of compact homogeneous
almost quaternion-Hermitian manifolds G/H with non-vanishing Euler characteristic.
This last assumption turns out to be crucial at several places throughout the proof (see
below). Without it, the classification is completely out of reach, but there are lots of
homogeneous examples constructed for instance by D. Joyce [4, 5] and O. Maciá [6].

Our classification result is the following:

Theorem 2.1 A compact simply connected homogeneous manifold M = G/H of non-
vanishing Euler characteristic carries a homogeneous almost quaternion-Hermitian struc-
ture if and only if it belongs to the following list:

• Wolf spaces G/N where G is any compact simple Lie group and N is the normalizer
of some subgroup Sp(1) ⊂ G determined by a highest root of G, cf. [18].

• S2 × S2.

• SO(7)/U(3).

Let us first give some comments on the above list. The Wolf spaces are quaternion-
Kähler manifolds [18], so they admit not only a topological but even a holonomy re-
duction to Sp(n)Sp(1). In dimension 4, every orientable manifold is almost quaternion-
Hermitian since Sp(1)Sp(1) = SO(4). In this dimension there exist (up to homothety)
only two compact simply connected homogeneous manifolds with non-vanishing Euler
characteristic: S2 × S2 and S4. The latter is already a Wolf space since S4 = HP1, this
is why in dimension 4, the only extra space in the list is S2 × S2. Finally, the complex
quadric SO(7)/U(3) ⊂ CP7, which incidentally is also the twistor space of S6, carries
a 1-parameter family of Sp(3)U(1) structures with fixed volume. Motivated by our
present classification, F. Mart́ın Cabrera and A. Swann [10] are currently investigating
the quaternion Hermitian type of this family.

The outline of the proof of Theorem 2.1 is as follows: The first step is to show (in
Proposition 2.6) that G has to be a simple Lie group, unless M = S2×S2. The condition
χ(M) 6= 0 (which is equivalent to rk(H) = rk(G)) is used here in order to ensure that
every subgroup of maximal rank of a product G1 × G2 is itself a product. The next
step is to rule out the case G = G2 which is the only simple group for which the ratio
between the length of the long and short roots is

√
3. Once this is done, we can thus

assume that either all roots of G have the same length, or the ratio between the length
of the long and short roots is

√
2. We further show that if G/H is symmetric, then H

has an Sp(1)-factor, so M is a Wolf space.
Now, since rk(H) = rk(G), the weights of the (complexified) isotropy representation

mC can be identified with a subset of the root system of G. We show that the existence
of a homogeneous almost quaternion-Hermitian structure on G/H implies that the set of
weights W(mC) can be split into two distinct subsets, one of which is obtained from the
other by a translation (Proposition 2.4 below). Moreover, if G/H is not symmetric, then
[m,m]∩m 6= 0, so (W(mC)+W(mC))∩W(mC) 6= ∅. Putting all this information together
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we are then able to show, using the properties of root systems, that there is one single
isotropy weight system satisfying these conditions, namely the isotropy representation
of SO(7)/U(3), whose restriction to SU(3) is isomorphic to C3 ⊕ (C3)∗ and is therefore
quaternionic.

2.2 Preliminaries

Let M = G/H be a homogeneous space. Throughout this paper we make the following
assumptions:

• M is compact (and thus G and H are compact, too).

• The infinitesimal isotropy representation is faithful (this is always the case after
taking an appropriate quotient of G)

• M has non-vanishing Euler characteristic: χ(M) 6= 0, or, equivalently, rk(H) =
rk(G).

• M is simply connected. An easy argument using the exact homotopy sequence
shows that by changing the representation of M as homogeneous space if necessary,
one can assume that G is simply connected and H is connected (see [13] for
example).

Denote by h and g the Lie algebras of H and G and by m the orthogonal complement
of h in g with respect to some adg-invariant scalar product on g. The restriction to m
of this scalar product defines a homogeneous Riemannian metric g on M .

An almost quaternion-Hermitian structure on a Riemannian manifold (M, g) is a
three-dimensional sub-bundle of the bundle of skew-symmetric endomorphisms End−(TM),
which is locally spanned by three endomorphisms satisfying the quaternion relations
[7, 17]. In the case where M = G/H is homogeneous, such a structure is called homoge-
neous if this three-dimensional sub-bundle is defined by a three-dimensional H-invariant
summand of the second exterior power of the isotropy representation Λ2m = End−(m).
For our purposes, we give the following equivalent definition, which corresponds to the
fact that an almost quaternion-Hermitian structure is just a rank 3 even Clifford struc-
ture (cf. [11, 12]):

Definition 2.2 A homogeneous almost quaternion-Hermitian structure on the Rieman-
nian homogeneous space (G/H, g) is an orthogonal representation ρ : H → SO(3) and
an H-equivariant Lie algebra morphism ϕ : so(3) → End−(m) extending to an algebra
representation of the even real Clifford algebra Cl03 on m.

The H-equivariance of the morphism ϕ : so(3) → End−(m) is with respect to the
following actions of H: the action on so(3) is given by the composition of the adjoint
representation of SO(3) with ρ, and the action on End−(m) is the one induced by the
isotropy representation ι of H. Since ϕ extends to a representation of Cl03 ' H on m, the
above definition readily implies the following result (see also [11, Lemma 3.2] or [15]):
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Lemma 2.3 The complexified isotropy representation ι∗ on mC is isomorphic to the
tensor product mC = H ⊗C E, where H is defined by the composition µ := ξ ◦ ρ∗ of ρ∗
with the spin representation ξ of so(3) = spin(3) = sp(1) on H, and E is defined by the
composition λ := π ◦ ι∗ of the isotropy representation with the projection of h to the
kernel of ρ∗.

2.3 The classification

In this section we classify all compact simply connected homogeneous almost quaternion-
Hermitian manifolds M = G/H with non-vanishing Euler characteristic.

We choose a common maximal torus of H and G and denote by t ⊂ h its Lie algebra.
Then the root system R(g) ⊂ t∗ is the disjoint union of the root system R(h) and the set
W of weights of the complexified isotropy representation of the homogeneous space G/H.
This follows from the fact that the isotropy representation is given by the restriction to
H of the adjoint representation of g.

The weights of the complex spin representation of so(3) on ΣC
3 ' H are W(ΣC

3 ) ={
±1

2e1

}
, where e1 is some element of norm 1 of the dual of some Cartan sub-algebra

of so(3). We denote by β ∈ t∗ the pull-back through µ of the vector 1
2e1 and by

A := {±α1, . . . ,±αn} ⊂ t∗ the weights of the self-dual representation λ. By Lemma 2.3,
we obtain the following description of the weights of the isotropy representation of any
homogeneous almost quaternion-Hermitian manifold M = G/H, which is a particular
case of [11, Proposition 3.3]:

Proposition 2.4 The set W :=W(m) of weights of the isotropy representation is given
by:

W = {εiαi + εβ}1≤i≤n;εi,ε∈{±1}. (2.1)

As an immediate consequence we have:

Lemma 2.5 Let (G/H, g, ρ, ϕ) be a homogeneous almost quaternion-Hermitian struc-
ture as in Definition 2.2. Then the infinitesimal representation ρ∗ : h→ so(3) does not
vanish.

Proof. Suppose for a contradiction that ρ∗ = 0. Then the h-representation H defined
in Lemma 2.3 is trivial, so β = 0 and mC = E ⊕ E. Every weight of the (complexified)
isotropy representation appears then twice in the root system of G, which is impossible
(cf. [16, p. 38]). �

Our next goal is to show that the automorphism group of a homogeneous almost
quaternion-Hermitian manifold is in general a simple Lie group:

Proposition 2.6 If G/H is a simply connected compact homogeneous almost quaternion-
Hermitian manifold with non-vanishing Euler characteristic, then either G is simple or
G = SU(2)× SU(2) and M = S2 × S2.
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Proof. We already know that G is compact and simply connected. If G is not
simple, then G = G1 × G2 with dim(Gi) ≥ 3. Let gi denote the Lie algebra of Gi, so
that g = g1 ⊕ g2. By a classical result of Borel and Siebenthal ([3, p. 210]), the Lie
algebra of the subgroup H splits as h = h1⊕h2, where hi = h∩gi. Correspondingly, the
isotropy representation splits as m = m1 ⊕ m2, where mi is the isotropy representation
of hi in gi.

Let {e1, e2, e3} be an orthonormal basis of so(3) and let us denote by Ji := ϕ(ei),
for 1 ≤ i ≤ 3. The H-equivariance of ϕ implies that

ϕ(ρ∗(X)ei) = [adX , Ji], ∀ X ∈ h, 1 ≤ i ≤ 3. (2.2)

We claim that the representation ρ∗ does not vanish on h1 or on h2. Assume for
instance that ρ∗(h1) = 0. We express each endomorphism Ji of m = m1 ⊕m2 as

Ji =

(
Ai Bi
Ci Di

)
.

For every X ∈ h1, (2.2) shows that adX commutes with Ji. Expressing

adX =

(
adg1

X 0
0 0

)
we get in particular that adg1

X ◦ Bi = 0 for all X ∈ h1. On the other hand, since
rk(h1) = rk(g1), there exists no vector in m1 commuting with all X ∈ h1, so Bi = 0
and thus Ci = −B∗i = 0 for 1 ≤ i ≤ 3. However, this would imply that the map
ϕ1 : so(3) → End−(m1) given by ϕ1(ei) = Ai for 1 ≤ i ≤ 3 is a homogeneous almost
quaternion-Hermitian structure on G1/H1 with vanishing ρ∗, which contradicts Lemma
2.5. This proves our claim.

Now, since ρ∗ : h→ so(3) is a Lie algebra morphism, we must have in particular

[ρ∗(h1), ρ∗(h2)] = 0.

By changing the orthonormal basis {e1, e2, e3} if necessary, we thus may assume that
ρ∗(h1) = ρ∗(h2) = 〈e1〉. The Lie algebras h1 and h2 decompose as hi = h′i ⊕ 〈Xi〉 where
h′i := ker(ρ∗) ∩ hi and ρ∗(Xi) = e1 for 1 ≤ i ≤ 2.

From (2.2), the following relations hold:

[adXi , J2] = J3, [adXi , J3] = −J2, 1 ≤ i ≤ 2. (2.3)

Like before we can write

adX1 =

(
adg1

X1
0

0 0

)
, adX2 =

(
0 0
0 adg2

X2

)
,

so (2.3) implies that A2 = A3 = 0 and D2 = D3 = 0. In particular

−1 = J2
2 =

(
0 B2

C2 0

)2

=

(
B2C2 0

0 C2B2

)
,
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thus showing that B2 defines an isomorphism between m2 and m1 (whose inverse is
−C2).

On the other hand, since by (2.2) adX commutes with J2 for all X ∈ h′1, we obtain
as before that adg1

X ◦B2 = 0 for all X ∈ h′1. Since B2 is onto, this shows that the isotropy
representation of G1/H1 restricted to h′1 vanishes, so h′1 = 0 and similarly h′2 = 0. We
therefore have h1 = h2 = R, and since rk(Gi) = rk(Hi) = 1, we get g1 = g2 = su(2). We
thus have G = SU(2)× SU(2), and H = T2 is a maximal torus, so M = S2 × S2. �

We are in position to complete the proof of our main result:
Proof. [Proof of Theorem 2.1] By Proposition 2.6 we may assume that G is simple.
We first study the case G = G2 (this is the only simple group for which the ratio
between the length of long and short roots is neither 1, nor

√
2). The only connected

subgroups of rank 2 of G2 are U(2),SU(3),SO(4) and T2. The spaces G2/U(2) and
G2/SU(3) have dimension 10 and 6 respectively, therefore they can not carry almost
quaternion-Hermitian structures.

The quotient G2/SO(4) is a Wolf space, so it remains to study the generalized flag
manifold G2/T2. We claim that this space has no homogeneous almost quaternion-
Hermitian structure. Indeed, if this were the case, using Proposition 2.4 one could
express the root system of G2 as the disjoint union of two subsets

W+ := {εiαi + β}1≤i≤3;εi∈{±1}, W− := {εiαi − β}1≤i≤3;εi∈{±1}

such that there exists some vector v (:= 2β) with W+ = v + W−. On the other hand,
it is easy to check that there exist no such partition of R(G2).

Consider now the case where M = G/H is a symmetric space. If M is a Wolf
space there is nothing to prove, so assume from now on that this is not the case. The
Lie algebra of H can be split as h = ker(ρ∗) ⊕ h0, where h0 denotes the orthogonal
complement of ker(ρ∗). Clearly h0 is isomorphic to ρ∗(h) ⊂ so(3) so by Lemma 2.5,
h0 = u(1) or h0 = sp(1). The latter case can not occur since our assumption that M
is not a Wolf space implies that h has no sp(1)-summand. We are left with the case
when h = ker(ρ∗)⊕ u(1). We claim that this case can not occur either. Indeed, if such
a space would carry a homogeneous almost quaternion-Hermitian structure, then the
representation of ker(ρ∗) on m would be quaternionic. Two anti-commuting complex
structures I, J of m induce non-vanishing elements aI , aJ in the center of ker(ρ∗) (see
the proof of [14, Lemma 2.4]). On the other hand, the adjoint actions of aI and aJ
on m are proportional to I and J respectively ([14, Eq. (4)]) and thus anti-commute,
contradicting the fact that aI and aJ commute (being central elements).

We can assume from now on, that M = G/H is non-symmetric, G is simple and
G 6= G2. Up to a rescaling of the adG-invariant metric on g, we may thus assume that
all roots of g have square length equal to 1 or 2.

From (2.1), it follows that

R(g) =W(m) ∪R(h) = {εiαi + εβ}1≤i≤n;εi,ε∈{±1} ∪R(h).

Up to a change of signs of the αi’s, we may assume:

〈β, αi 〉 ≥ 0, for all 1 ≤ i ≤ n. (2.4)
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Then either the roots β+αi and β−αi of G have the same length, or |β+αi|2 = 2 and
|β − αi|2 = 1. This shows that for each 1 ≤ i ≤ n,

〈β, αi 〉 ∈
{

0,
1

4

}
. (2.5)

From the general property of root systems (2.10) below, it follows that:

|β|2 ∈
{

1

4
,
3

4
,
5

4

}
. (2.6)

Since the homogeneous space G/H is not symmetric, we have [m,m] 6⊆ h, so there
exist subscripts i, j, k ∈ {1, . . . , n} such that (±β ± αi) + (±β ± αj) = ±β ± αk. Taking
(2.5) into account, we need to check the following possible cases (up to a permutation
of the subscripts):

a) β = ±2α1 ± α2.

b) β = α1
3 .

c) β = α1±α2±α3
3 .

d) β = α1 ± α2 ± α3.

We will show that cases a), b) and c) can not occur and that in case d) there is only
one solution.

a) If β = 2α1 +α2, then β+α2 = 2(β−α1) and this would imply the existence of two
proportional roots, β + α2 and β − α1, in W ⊆ R(g), contradicting the property
R2 of root systems (cf. Definition 2.7). For all the other possible choices of signs
in a) we obtain a similar contradiction.

b) If β = α1
3 , then there exist two proportional roots: β + α1 = −2(β − α1) in R(g),

which again contradicts R2.

c) If β = α1±α2±α3
3 , then |β|2 = 1

3(〈β, α1 〉 ± 〈β, α2 〉 ± 〈β, α3 〉). From (2.5) and
(2.6), it follows that the only possibility is:

β =
α1 + α2 + α3

3
, |β|2 =

1

4
and 〈β, αi 〉 =

1

4
, for 1 ≤ i ≤ 3.

Together with (2.10), this implies that for each 1 ≤ i ≤ 3 we have: |β + αi|2 = 2,
|β − αi|2 = 1 and |αi|2 = 5

4 . Thus, for all 1 ≤ i, j ≤ 3, i 6= j, we have:

〈β + αi, β − αj 〉 =
1

4
− 〈αi, αj 〉,

which by (2.10) must be equal to 0 or ±1, showing that 〈αi, αj 〉 ∈ {−3
4 ,

1
4 ,

5
4}.

On the other hand, a direct computation shows that

〈α1, α2 〉+ 〈α1, α3 〉+ 〈α2, α3 〉 =
1

2

(
9|β|2 − 15

4

)
= −3

4
,
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which is not possible for any of the above values of the scalar products, yielding a
contradiction.

d) From (2.5) and (2.6), it follows that there are three possible sub-cases:

Case 1. β = α1 ± α2 ± α3, |β|2 = 1
4 , 〈β, α1 〉 = 1

4 , 〈β, α2 〉 = 〈β, α3 〉 = 0.

Case 2. β = α1 + α2 − α3, |β|2 = 1
4 , 〈β, αi 〉 = 1

4 , 1 ≤ i ≤ 3.

Case 3. β = α1 + α2 + α3, |β|2 = 3
4 , 〈β, αi 〉 = 1

4 , 1 ≤ i ≤ 3.

Case 1. From (2.10) it follows |α1|2 = 5
4 and |α2|2 = |α3|2 = 3

4 . Since 〈β +
α1, β − α1 〉 = −1 and |β + α1|2 = 2|β − α1|2, the reflexion property (2.11) shows that
2β = (β + α1) + (β − α1) and 3β − α1 = (β + α1) + 2(β − α1) belong to R(g). We
show that these roots actually belong to R(h), i.e. that 2β, 3β − α1 /∈ W. We argue by
contradiction.

Let us first assume that 2β ∈ W. Then there exists k, 1 ≤ k ≤ n, such that
2β = ±β±αk. If β = ±αk we obtain that 0 = β∓αk belongs to R(g), which contradicts
the property R1 of root systems. If β = ±αk

3 , then the roots β + αk and β − αk are
proportional, which contradicts R2.

Now we assume that 3β − α1 ∈ W and conclude similarly. In this case there exists
k, 1 ≤ k ≤ n such that either 2β = α1±αk or 4β = α1±αk. In the first case we obtain
β − α1 = −β ± αk, which contradicts the fact that roots of G are simple. In the second
case (2.5) yields |β|2 = 1

4〈β, α1 〉 ± 1
4〈β, αk 〉 ≤

1
8 , which contradicts (2.6).

This shows that 2β, 3β − α1 ∈ R(h). Moreover 〈 2β, 3β − α1 〉 = 1 and thus, by
(2.11), their difference is a root of h too: β − α1 = (3β − α1)− (2β) ∈ R(h), which is in
contradiction with β − α1 ∈ W. Consequently, case 1. can not occur.

Case 2. From (2.10) it follows that |αi|2 = 5
4 , for all 1 ≤ i ≤ 3. For all 1 ≤ i, j ≤ 3,

i 6= j, we then compute: 〈β+αi, β+αj 〉 = 3
4 + 〈αi, αj 〉, which by (2.10) must be equal

to 0 or ±1, implying that 〈αi, αj 〉 ∈ {−7
4 ,−

3
4 ,

1
4}. On the other hand, we obtain

〈α1, α2 〉+ 〈α1, α3 〉+ 〈α2, α3 〉 =
1

2

(
|β|2 − 15

4

)
= −7

4
,

which is not possible for any of the above values of the scalar products, yielding again
a contradiction.

Case 3. From (2.10) it follows that |αi|2 = 3
4 , for all 1 ≤ i ≤ 3. Computing the

norm of β − αk = αi + αj , where {i, j, k} is any permutation of {1, 2, 3}, yields that
〈αi, αj 〉 = −1

4 , for all 1 ≤ i, j ≤ 3, i 6= j. We then get

〈β + αi, β + αj 〉 = 1, for all 1 ≤ i, j ≤ 3, i 6= j,

which by the reflexion property (2.11) implies that

{αi − αj}1≤i,j≤3 ⊆ R(g). (2.7)
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We claim that n = 3 (recall that n denotes the number of vectors αi, or equivalently
the quaternionic dimension of M). Assume for a contradiction that n ≥ 4. By (2.5),
〈β, αl 〉 = 1

4 or 〈β, αl 〉 = 0, for any 4 ≤ l ≤ n.
If 〈β, αl 〉 = 1

4 for some l ≥ 4, it follows that |αl|2 = 3
4 and |β + αl|2 = 2, implying

by (2.10) that the scalar product 〈β − αi, β + αl 〉 belongs to {±1, 0}, for 1 ≤ i ≤ 3.
This further yields that 〈αi, αl 〉 ∈ {7

4 ,
3
4 ,−

1
4}. On the other hand, the Cauchy-Schwarz

inequality applied to αi and αl and the fact that W has only simple roots (being a root
sub-system) imply that the only possible value is 〈αi, αl 〉 = −1

4 , for 1 ≤ i ≤ 3 and
4 ≤ l ≤ n. Thus, |β + αl|2 = 0, which contradicts the property R1 of root systems (cf.
Definition 2.7).

We therefore have 〈β, αl 〉 = 0, for all 4 ≤ l ≤ n. If |β ± αl|2 = 2 for some l ≥ 4
then |αl|2 = 5

4 , so 〈β − αl, β + αl 〉 = −1
2 , contradicting (2.10). Thus |β ± αl|2 = 1 for

all 4 ≤ l ≤ n. If n ≥ 5, (2.10) implies

〈β − αl, β + αs 〉, 〈β − αl, β − αs 〉 ∈
{

0,±1

2

}
, for 4 ≤ l, s ≤ n, l 6= s.

This contradicts the equality 〈β − αl, β + αs 〉 + 〈β − αl, β − αs 〉 = 3
2 , showing that

n ≤ 4.
It remains to show that the existence of α4 ∈ A, which by the above necessarily

satisfies 〈β, α4 〉 = 0 and |α4|2 = 1
4 , leads to a contradiction. By (2.10), it follows that

1 + 〈αi, α4 〉 = 〈β + αi, β + α4 〉 ∈ {±1, 0}, ∀ 1 ≤ i ≤ 3.

This constraint together with the Cauchy-Schwarz inequality, |〈αi, α4 〉| ≤
√

3
4 , implies

that 〈αi, α4 〉 = 0, for 1 ≤ i ≤ 3.
Applying the reflexion property (2.11) to β + α4 and β + αi, for 1 ≤ i ≤ 3, which

satisfy 〈β+αi, β+α4 〉 = 1 and |β+αi|2 = 2|β+α4|2, it follows that αi−α4, β+2α4−αi ∈
R(g). We now show that all these roots actually belong to R(h). Let us assume that
αi−α4 ∈ W for some i ≤ 3, i.e. there exists s, 1 ≤ s ≤ 4, such that αi−α4 ∈ {±β±αs}.
Since α4 is orthogonal to β and to αi, for 1 ≤ i ≤ 3, it follows that αi−α4 must be equal
to ±β−α4, leading to the contradiction that 0 = β∓αi ∈ W. Therefore αi−α4 ∈ R(h).
A similar argument shows that β + 2α4 − αi ∈ R(h).

Now, since the scalar product of these two roots of h is 〈αi−α4, β+2α4−αi 〉 = −1,
it follows again by (2.11) that their sum β + α4 also belongs to R(h), contradicting the
fact that β + α4 ∈ W(m). This finishes the proof of the claim that n = 3.

Since the determinant of the Gram matrix (〈αi, αj 〉)1≤i,j≤3 is equal to 5
16 , the vectors

{αi}1≤i≤3 are linearly independent. Thus the roots of g given by (2.7) can not belong
to W, and therefore {αi − αj}1≤i,j≤3 belong to R(h).

Concluding, we have proven that n = 3 and that the following inclusions hold (after
introducing the notation γi := αj + αk for all permutations {i, j, k} of {1, 2, 3}):

{γi − γj}1≤i 6=j≤3 ⊆ R(h), {γi − γj}1≤i 6=j≤3 ∪ {±γi}1≤i≤3 ⊆ R(g), (2.8)

where 〈 γi, γj 〉 = δij , for all 1 ≤ i, j ≤ 3.
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Since these sets are closed root systems and we are interested in the representation
of M as a homogeneous space G/H with the smallest possible group G, we may assume
that we have equality in (2.8). Hence R(h) = {γi − γj}1≤i 6=j≤3, with {γi}1≤i≤3 an
orthonormal basis, (which is exactly the root system of the Lie algebra su(3)), and
R(g) = {γi − γj}1≤i 6=j≤3 ∪ {±γi}1≤i≤3, which is the root system of so(7). We conclude
that the only possible solution is the simply connected homogeneous space SO(7)/U(3).

It remains to check that this space indeed carries a homogeneous almost quaternionic-
Hermitian structure. Using the sequence of inclusions

u(3) ⊂ so(6) ⊂ so(7),

we see that the isotropy representation m of SO(7)/U(3) is the direct sum of the re-
striction to U(3) of the isotropy representation of the sphere SO(7)/SO(6), (which is
just the standard representation of U(3) on C3), and of the isotropy representation of
SO(6)/U(3), which is Λ2(C3) (cf. [2, p. 312]):

m = C3 ⊕ Λ2(C3).

Let I denote the complex structure of m. After identifying U(1) with the center of U(3)
via the diagonal embedding, an element z ∈ U(1) acts on m by complex multiplication
with z3, i.e. ι(z) = z3. Since Λ2(C3) = (C3)∗ as complex SU(3)-representations, it
follows that the restriction to SU(3) of the isotropy representation m is C3⊕ (C3)∗, and
thus carries a quaternionic structure, i.e. a complex anti-linear automorphism J . We
claim that a homogeneous almost quaternionic-Hermitian structure on SO(7)/U(3) in
the sense of Definition 2.2 is given by ρ : U(3) → SO(3) and ϕ : so(3) ' Im(H) →
End−(m) defined by

ρ(A) = det(A), ϕ(i) = I, ϕ(j) = J, ϕ(k) = IJ,

where det(A) ∈ U(1) is viewed as an element in SO(3) via the composition

U(1) = S(C)→ S(H) = Spin(3)→ SO(3).

Indeed, the only thing to check is the equivariance of ϕ, i.e.

ϕ(ρ(A)Mρ(A)−1) = ι(A)ϕ(M)ι(A)−1, ∀M ∈ so(3), ∀A ∈ U(3). (2.9)

Write A = zB with B ∈ SU(3). Then ρ(A) = z3, ι(A) = z3ι(B) and ι(B) commutes
with I, J,K, thus with ϕ(M). The relation (2.9) is trivially satisfied for M = i, whereas
for M = j or M = k one has Mz = z̄M = z−1M and similarly ϕ(M)ι(z)ι(B) =
ι(z−1)ι(B)ϕ(M), so

ϕ(ρ(A)Mρ(A)−1) = ϕ(z3Mz−3) = ϕ(z6M) = z6ϕ(M) = ι(z2)ϕ(M) = ι(A)ϕ(M)ι(A)−1.

This finishes the proof of the theorem. �
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A Root systems

For the basic theory of root systems we refer to [1] and [16].

Definition 2.7 A set R of vectors in a Euclidean space (V, 〈 ·, · 〉) is called a root system
if it satisfies the following conditions:

R1 R is finite, span(R) = V , 0 /∈ R.

R2 If α ∈ R, then the only multiples of α in R are ±α.

R3 2〈α, β 〉
〈α, α 〉 ∈ Z, for all α, β ∈ R.

R4 sα : R → R, for all α ∈ R (sα is the reflection sα : V → V , sα(v) := v − 2〈α, v 〉
〈α, α 〉 α).

Let G be a compact semi-simple Lie group with Lie algebra g endowed with an
adg-invariant scalar product. Fix a Cartan sub-algebra t ⊂ g and let R(g) ⊂ t∗ denote
its root system. It is well-known that R(g) satisfies the conditions in Definition 2.7.
Conversely, every set of vectors satisfying the conditions in Definition 2.7 is the root
system of a unique semi-simple Lie algebra of compact type.

Remark 2.8 (Properties of root systems) Let R be a root system. If α, β ∈ R
such that β 6= ±α and ‖β‖2 ≥ ‖α‖2, then either 〈α, β 〉 = 0 or(

‖β‖2

‖α‖2
,
2〈α, β 〉
〈α, α 〉

)
∈ {(1,±1), (2,±2), (3,±3)}. (2.10)

In other words, either the scalar product of two roots vanishes, or its absolute value
equals half the square length of the longest root. Moreover,

β − sgn

(
2〈α, β 〉
〈α, α 〉

)
kα ∈ R, for all k ∈ Z, 1 ≤ k ≤

∣∣∣∣2〈α, β 〉〈α, α 〉

∣∣∣∣. (2.11)

Definition 2.9 ([11]) A set P of vectors in a Euclidean space (V, 〈 ·, · 〉) is called a
root sub-system if it satisfies the conditions R1 - R3 from Definition 2.7 and if the set
P obtained from P by taking all possible reflections is a root system.
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Chapter 3

Eigenvalue Estimates of the Spinc

Dirac Operator and harmonic
forms on Kähler-Einstein
Manifolds

Roger Nakad and Mihaela Pilca

Abstract. We establish a lower bound for the eigenvalues of the Dirac operator defined on
a compact Kähler-Einstein manifold of positive scalar curvature and endowed with particular
spinc structures. The limiting case is characterized by the existence of Kählerian Killing spinc

spinors in a certain subbundle of the spinor bundle. Moreover, we show that the Clifford
multiplication between an effective harmonic form and a Kählerian Killing spinc spinor field
vanishes. This extends to the spinc case the result of A. Moroianu stating that, on a compact
Kähler-Einstein manifold of complex dimension 4` + 3 carrying a complex contact structure,
the Clifford multiplication between an effective harmonic form and a Kählerian Killing spinor
is zero.

1 Introduction

The geometry and topology of a compact Riemannian spin manifold (Mn, g) are strongly
related to the existence of special spinor fields and thus, to the spectral properties of a
fundamental operator called the Dirac operator D [1, 27]. A. Lichnerowicz [27] proved,
under the weak condition of the positivity of the scalar curvature, that the kernel of the
Dirac operator is trivial. Th. Friedrich [6] gave the following lower bound for the first
eigenvalue λ of D on a compact Riemannian spin manifold (Mn, g):

λ2 ≥ n

4(n− 1)
inf
M

S, (3.1)

where S denotes the scalar curvature, assumed to be nonnegative. Equality holds if
and only if the corresponding eigenspinor ϕ is parallel (if λ = 0) or a Killing spinor of
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Killing constant −λ
n (if λ 6= 0), i.e. if ∇Xϕ = −λ

n X · ϕ, for all vector fields X, where
“ · ” denotes the Clifford multiplication and ∇ is the spinorial Levi-Civita connection on
the spinor bundle ΣM . Killing spinors force the underlying metric to be Einstein. The
classification of complete simply-connected Riemannian spin manifolds with real Killing
spinors was done by C. Bär [2]. Useful geometric information has been also obtained by
restricting parallel and Killing spinors to hypersurfaces [3, 10, 11, 12, 13, 14]. O. Hijazi
proved that the Clifford multiplication between a harmonic k-form β (k 6= 0, n) and a
Killing spinor vanishes. In particular, the equality case in (3.1) cannot be attained on
a Kähler spin manifold, since the Clifford multiplication between the Kähler form and
a Killing spinor is never zero. Indeed, on a Kähler compact manifold (M2m, g, J) of
complex dimension m and complex structure J , K.-D . Kirchberg [19] showed that the
first eigenvalue λ of the Dirac operator satisfies:

λ2 ≥


m+1
4m inf

M
S, if m is odd,

m
4(m−1) inf

M
S, if m is even.

(3.2)

Kirchberg’s estimates rely essentially on the decomposition of ΣM under the action of
the Kähler form Ω. In fact, we have ΣM = ⊕mr=0ΣrM , where ΣrM is the eigenbundle
corresponding to the eigenvalue i(2r − m) of Ω. The limiting manifolds of (3.2) are
also characterized by the existence of spinors satisfying a certain differential equation
similar to the one fulfilled by Killing spinors. More precisely, in odd complex dimension
m = 2`+ 1, it is proved in [21, 20, 16] that the metric is Einstein and the corresponding
eigenspinor ϕ of λ is a Kählerian Killing spinor, i.e. ϕ = ϕ` + ϕ`+1 ∈ Γ(Σ`M⊕Σ`+1M)
and it satisfies: 

∇Xϕ` = − λ

2(m+ 1)
(X + iJX) · ϕ`+1,

∇Xϕ`+1 = − λ

2(m+ 1)
(X − iJX) · ϕ`,

(3.3)

for any vector field X. We point out that the existence of spinors of the form ϕ =
ϕ`′ + ϕ`′+1 ∈ Γ(Σ`′M ⊕ Σ`′+1M) satisfying (3.3), implies that m is odd and they lie
in the middle, i.e. l′ = m−1

2 . If the complex dimension is even, m = 2`, the limiting
manifolds are characterized by constant scalar curvature and the existence of so-called
anti-holomorphic Kählerian twistor spinors ϕ`−1 ∈ Γ(Σ`−1M), i.e. satisfying for any
vector field X: ∇Xϕ`−1 = − 1

2m(X + iJX) ·Dϕ`−1. The limiting manifolds for Kirch-
berg’s inequalities (3.2) have been geometrically described by A. Moroianu in [28] for
m odd and in [30] for m even. In [36], this result is extended to limiting manifolds of
the so-called refined Kirchberg inequalities, obtained by restricting the square of the
Dirac operator to the eigenbundles ΣrM . When m is even, the limiting manifold cannot
be Einstein. Thus, on compact Kähler-Einstein manifolds of even complex dimension,
Kirchberg [22] improved (3.2) to the following lower bound:

λ2 ≥ m+ 2

4m
S. (3.4)

Equality is characterized by the existence of holomorphic or anti-holomorphic spinors.
When m is odd, A. Moroianu extended the above mentioned result of O. Hijazi to Kähler
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manifolds, by showing that the Clifford multiplication between a harmonic effective form
of nonzero degree and a Kählerian Killing spinor vanishes. We recall that the manifolds
of complex dimension m = 4` + 3 admitting Kählerian Killing spinors are exactly the
Kähler-Einstein manifolds carrying a complex contact structure (cf. [23], [28], [33]).

In the present paper, we extend this result of A. Moroianu to Kählerian Killing spinc

spinors (see Theorem 3.10). In this more general setting difficulties occur due to the
fact that the connection on the spinc bundle, hence its curvature, the Dirac operator
and its spectrum, do not only depend on the geometry of the manifold, but also on the
connection of the auxiliary line bundle associated with the spinc structure.

Spinc geometry became an active field of research with the advent of Seiberg-Witten
theory, which has many applications to 4-dimensional geometry and topology [37, 39].
From an intrinsic point of view, almost complex, Sasaki and some classes of CR mani-
folds carry a canonical spinc structure. In particular, every Kähler manifold is spinc but
not necessarily spin. For example, the complex projective space CPm is spin if and only
if m is odd. Moreover, from the extrinsic point of view, it seems that it is more natural
to work with spinc structures rather than spin structures [17, 34, 35]. For instance,
on Kähler-Einstein manifolds of positive scalar curvature, O. Hijazi, S. Montiel and F.
Urbano [17] constructed spinc structures carrying Kählerian Killing spinc spinors, i.e.
spinors satisfying (3.3), where the covariant derivative is the spinc one. In [9], M. Her-
zlich and A. Moroianu extended Friedrich’s estimate (3.1) to compact Riemannian spinc

manifolds. This new lower bound involves only the conformal geometry of the manifold
and the curvature of the auxiliary line bundle associated with the spinc structure. The
limiting case is characterized by the existence of a spinc Killing or parallel spinor, such
that the Clifford multiplication of the curvature form of the auxiliary line bundle with
this spinor is proportional to it.

In this paper, we give an estimate for the eigenvalues of the spinc Dirac operator,
by restricting ourselves to compact Kähler-Einstein manifolds endowed with particular
spinc structures. More precisely, we consider (M2m, g, J) a compact Kähler-Einstein
manifold of positive scalar curvature S and of index p ∈ N∗. We endow M with the
spinc structure whose auxiliary line bundle is a tensorial power Lq of the p-th root L of
the canonical bundle KM of M , where q ∈ Z, p + q ∈ 2Z and |q| ≤ p. Our main result
is the following:

Theorem 3.1 Let M2m be a compact Kähler-Einstein manifold of index p and positive
scalar curvature S, carrying the spinc structure given by Lq with q + p ∈ 2Z, where
Lp = KM . We assume that p ≥ |q| and the metric is normalized such that its scalar
curvature equals 4m(m + 1). Then, any eigenvalue λ of D2 is bounded from below as
follows:

λ ≥
(

1− q2

p2

)
(m+ 1)2, (3.5)

Equality is attained if and only if b := q
p ·

m+1
2 + m−1

2 ∈ N and there exists a Kählerian
Killing spinc spinor in Γ(ΣbM ⊕ Σb+1M).
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Indeed, this is a consequence of more refined estimates for the eigenvalues of the square
of the spinc Dirac operator restricted to the eigenbundles ΣrM of the spinor bundle (see
Theorem 3.8). The proof of this result is based on a refined Schrödinger-Lichnerowicz
spinc formula (see Lemma 3.7) written on each such eigenbundle ΣrM , which uses the
decomposition of the covariant derivative acting on spinors into its holomorphic and
antiholomorphic part. This formula has already been used in literature, for instance
by K.-D. Kirchberg [22]. The limiting manifolds of (3.5) are characterized by the exis-
tence of Kählerian Killing spinc spinors in a certain subbundle ΣrM . In particular, this
gives a positive answer to the conjectured relationship between spinc Kählerian Killing
spinors and a lower bound for the eigenvalues of the spinc Dirac operator, as stated in
[17, Remark 16].
Let us mention here that the Einstein condition in Theorem 3.1 is important in order
to establish the estimate (3.5), since otherwise there is no control over the estimate of
the term given by the Clifford action of the curvature form of the auxiliary line bundle
of the spinc structure (see (3.25)).
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support of the Berlin Mathematical School (BMS) and would like to thank the University
of Potsdam, especially Christian Bär and his group, for their generous support and
friendly welcome during summer 2013 and summer 2014. The first named author thanks
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indebted to Oussama Hijazi and Andrei Moroianu for many useful discussions. Both
authors thank the editor and the two referees for carefully reading the paper and for
providing contructive comments, which substantially improved it.

2 Preliminaries and Notation

In this section, we set the notation and briefly review some basic facts about spinc and
Kähler geometries. For more details we refer to the books [4], [7], [24] and [32].

Let (Mn, g) be an n-dimensional closed Riemannian spinc manifold and denote by
ΣM its complex spinor bundle, which has complex rank equal to 2[n

2
] . The bundle ΣM

is endowed with a Clifford multiplication denoted by “·” and a scalar product denoted
by 〈 ·, · 〉. Given a spinc structure on (Mn, g), one can check that the determinant line
bundle det(ΣM) has a root L of index 2[n

2
]−1. This line bundle L over M is called the

auxiliary line bundle associated with the spinc structure. The connection ∇A on ΣM
is the twisted connection of the one on the spinor bundle (induced by the Levi-Civita
connection) and a fixed connection A on L. The spinc Dirac operator DA acting on the
space of sections of ΣM is defined by the composition of the connection ∇A with the
Clifford multiplication. For simplicity, we will denote ∇A by ∇ and DA by D. In local
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coordinates:

D =

n∑
j=1

ej · ∇ej ,

where {ej}j=1,...,n is a local orthonormal basis of TM . D is a first-order elliptic operator
and is formally self-adjoint with respect to the L2-scalar product. A useful tool when
examining the spinc Dirac operator is the Schrödinger-Lichnerowicz formula:

D2 = ∇∗∇+
1

4
S +

1

2
FA·, (3.6)

where ∇∗ is the adjoint of ∇ with respect to the L2-scalar product and FA is the cur-
vature (imaginary-valued) 2-form on M associated to the connection A defined on the
auxiliary line bundle L, which acts on spinors by the extension of the Clifford multipli-
cation to differential forms.

We recall that the complex volume element ωC = i[
n+1
2

]e1 ∧ . . .∧ en acts as the iden-
tity on the spinor bundle if n is odd. If n is even, ω2

C = 1. Thus, under the action of
the complex volume element, the spinor bundle decomposes into the eigenspaces Σ±M
corresponding to the ±1 eigenspaces, the positive (resp. negative) spinors.

Every spin manifold has a trivial spinc structure, by choosing the trivial line bun-
dle with the trivial connection whose curvature FA vanishes. Every Kähler manifold
(M2m, g, J) has a canonical spinc structure induced by the complex structure J . The
complexified tangent bundle decomposes into TCM = T1,0M ⊕T0,1M, the i-eigenbundle
(resp. (−i)-eigenbundle) of the complex linear extension of J . For any vector field X,
we denote by X± := 1

2(X ∓ iJX) its component in T1,0M , resp. T0,1M . The spinor
bundle of the canonical spinc structure is defined by

ΣM = Λ0,∗M =
m
⊕
r=0

Λr(T ∗0,1M),

and its auxiliary line bundle is L = (KM )−1 = Λm(T ∗0,1M), where KM = Λm,0M
is the canonical bundle of M . The line bundle L has a canonical holomorphic con-
nection, whose curvature form is given by −iρ, where ρ is the Ricci form defined,
for all vector fields X and Y , by ρ(X,Y ) = Ric(JX, Y ) and Ric denotes the Ricci
tensor. Let us mention here the sign convention we use to define the Riemann cur-
vature tensor, respectively the Ricci tensor: RX,Y := ∇X∇Y − ∇Y∇X − ∇[X,Y ] and

Ric(X,Y ) :=
∑2m

j=1R(ej , X, Y, ej), for all vector fields X,Y on M , where {ej}j=1,...,2m

is a local orthonormal basis of the tangent bundle. Similarly, one defines the so called
anti-canonical spinc structure, whose spinor bundle is given by Λ∗,0M = ⊕mr=0Λr(T ∗1,0M)
and the auxiliary line bundle by KM . The spinor bundle of any other spinc structure
on M can be written as:

ΣM = Λ0,∗M ⊗ L,

where L2 = KM ⊗ L and L is the auxiliary line bundle associated with this spinc

structure. The Kähler form Ω, defined as Ω(X,Y ) = g(JX, Y ), acts on ΣM via Clifford
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multiplication and this action is locally given by:

Ω · ψ =
1

2

2m∑
j=1

ej · Jej · ψ, (3.7)

for all ψ ∈ Γ(ΣM), where {e1, . . . , e2m} is a local orthonormal basis of TM. Under this
action, the spinor bundle decomposes as follows:

ΣM =
m
⊕
r=0

ΣrM, (3.8)

where ΣrM denotes the eigenbundle to the eigenvalue i(2r −m) of Ω, of complex rank(
m
k

)
. It is easy to see that ΣrM ⊂ Σ+M (resp. ΣrM ⊂ Σ−M) if and only if r is even

(resp. r is odd). Moreover, for any X ∈ Γ(TM) and ϕ ∈ Γ(ΣrM), we have X+ · ϕ ∈
Γ(Σr+1M) and X− · ϕ ∈ Γ(Σr−1M), with the convention Σ−1M = Σm+1M = M × {0}.
Thus, for any spinc structure, we have ΣrM = Λ0,rM⊗Σ0M. Hence, (Σ0M)2 = KM⊗L,
where L is the auxiliary line bundle associated with the spinc structure. For example,
when the manifold is spin, we have (Σ0M)2 = KM [18, 19]. For the canonical spinc

structure, since L = (KM )−1, it follows that Σ0M is trivial. This yields the existence of
parallel spinors (the constant functions) lying in Σ0M , cf. [31].

Associated to the complex structure J , one defines the following operators:

D+ =

2m∑
j=1

e+
j · ∇e−j , D− =

2m∑
j=1

e−j · ∇e+j , (3.9)

which satisfy the relations

D = D+ +D−, (D+)2 = 0, (D−)2 = 0, D+D− +D−D+ = D2. (3.10)

When restricting the Dirac operator to ΣrM, it acts as

D = D+ +D− : Γ(ΣrM)→ Γ(Σr−1M⊕ Σr+1M).

Corresponding to the decomposition TM ⊗ ΣrM ∼= Σr−1M ⊕ Σr+1M ⊕ Kerr, where
Kerr denotes the kernel of the Clifford multiplication by tangent vectors restricted
to ΣrM, we have, as in the spin case (for details see e.g. [36, (2.7)]), the following
Weitzenböck formula relating the differential operators acting on sections of ΣrM:

∇∗∇ =
1

2(r + 1)
D−D+ +

1

2(m− r + 1)
D+D− + T ∗r Tr, (3.11)

where Tr is the so-called Kählerian twistor operator and is defined by

Trϕ := ∇ϕ+
1

2(m− r + 1)
ej ⊗ e+

j ·D
−ϕ+

1

2(r + 1)
ej ⊗ e−j ·D

+ϕ.
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This decomposition further implies the following identity for ϕ ∈ Γ(ΣrM), by the same
argument as in [36, Lemma 2.5]:

|∇ϕ|2 =
1

2(r + 1)
|D+ϕ|2 +

1

2(m− r + 1)
|D−ϕ|2 + |Trϕ|2. (3.12)

Hence, we have the inequality:

|∇ϕ|2 ≥ 1

2(r + 1)
|D+ϕ|2 +

1

2(m− r + 1)
|D−ϕ|2. (3.13)

Equality in (3.13) is attained if and only if Trϕ = 0, in which case ϕ is called a Kählerian
twistor spinor. The Lichnerowicz-Schrödinger formula (3.6) yields the following:

Lemma 3.2 Let (M2m, g, J) be a compact Kähler manifold endowed with any spinc

structure. If ϕ is an eigenspinor of D2 with eigenvalue λ, D2ϕ = λϕ, and satisfies

|∇ϕ|2 ≥ 1

j
|Dϕ|2, (3.14)

for some real number j > 1, and (S+ 2FA) ·ϕ = c ϕ, where c is a positive function, then

λ ≥ j

4(j − 1)
inf
M

c. (3.15)

Moreover, equality in (3.15) holds if and only if the function c is constant and equality
in (3.14) holds at all points of the manifold.

Let {e1, . . . , e2m} be a local orthonormal basis of M2m. We implicitly use the Ein-
stein summation convention over repeated indices. We have the following formulas for
contractions that hold as endomorphisms of ΣrM:

e+
j · e

−
j = −2r, e−j · e

+
j = −2(m− r), (3.16)

ej · Ric(ej) = −S, e−j · Ric(e+
j ) = −S

2
− iρ, e+

j · Ric(e−j ) = −S
2

+ iρ. (3.17)

The identities (3.16) follow directly from (3.7), which gives the action of the Kähler form
and has ΣrM as eigenspace to the eigenvalue i(2r−m), implying that iej · Jej = 2iΩ =
−2(2r −m), and from the fact that ej · ej = −2m. The identities (3.17) are obtained
from the following identities:

ej · Ric(ej) = ej ∧ Ric(ej)− g(Ric(ej), ej) = −S,

iej · Ric(Jej) = iej ∧ Ric(Jej)− ig(Ric(Jej), ej) = 2iρ.

The spinc Ricci identity, for any spinor ϕ and any vector field X, is given by:

ei · RAei,Xϕ =
1

2
Ric(X) · ϕ− 1

2
(XyFA) · ϕ, (3.18)
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where RA denotes the spinc spinorial curvature, defined with the same sign convention
as above, namely RAX,Y := ∇AX∇AY − ∇AY∇AX − ∇A[X,Y ]. For a proof of the spinc Ricci

identity we refer to [7, Section 3.1]. For any vector field X parallel at the point where
the computation is done, the following commutator rules hold:

[∇X , D] = −1

2
Ric(X) ·+1

2
(XyFA)·, (3.19)

[∇X , D+] = −1

2
Ric(X+) ·+1

2
(X+yF 1,1

A ) ·+1

2
X−yF 0,2

A ·, (3.20)

[∇X , D−] = −1

2
Ric(X−) ·+1

2
(X−yF 1,1

A ) ·+1

2
X+yF 2,0

A ·, (3.21)

where the 2-form FA is decomposed as FA = F 2,0
A +F 1,1

A +F 0,2
A , into forms of type (2, 0),

(1, 1), respectively (0, 2). The identity (3.19) is obtained from the following straightfor-
ward computation:

∇X(Dϕ) = ∇X(ej · ∇ejϕ) = ej · RAX,ejϕ+ ej · ∇ej∇Xϕ
(3.18)

= −1

2
Ric(X) · ϕ+

1

2
(XyFA) · ϕ+D(∇Xϕ).

The identity (3.20) follows from the identities:

∇X+(D+ϕ) = ∇X+(e+
i · ∇e−i ϕ) = e+

i · R
A
X+,e−i

ϕ+ e+
i · ∇e−i ∇X+ϕ

= −1

2
Ric(X+) · ϕ+

1

2
(X+yF 1,1

A ) · ϕ+D+(∇X+ϕ),

∇X−(D+ϕ) = ∇X−(e+
i · ∇e−i ϕ) = e+

i ·RX−,e−i ϕ+ e+
i · ∇e−i ∇X−ϕ

=
1

2
X−yF 0,2

A · ϕ+D+(∇X−ϕ).

The identity (3.21) follows either by an analogous computation or by conjugating (3.20).

On a Kähler manifold (M, g, J) endowed with any spinc structure, a spinor of the
form ϕr + ϕr+1 ∈ Γ(ΣrM ⊕ Σr+1M), for some 0 ≤ r ≤ m, is called a Kählerian Killing
spinc spinor if there exists a non-zero real constant α, such that the following equations
are satisfied, for all vector fields X,{

∇Xϕr = α X− · ϕr+1,

∇Xϕr+1 = α X+ · ϕr.
(3.22)

Kählerian Killing spinors lying in Γ(ΣmM ⊕ Σm+1M) = Γ(ΣmM) or in Γ(Σ−1M ⊕
Σ0M) = Γ(Σ0M) are just parallel spinors. A direct computation shows that each
Kählerian Killing spinc spinor is an eigenspinor of the square of the Dirac operator.
More precisely, the following equalities hold:

Dϕr = −2(r + 1)αϕr+1, Dϕr+1 = −2(m− r)αϕr, (3.23)
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which further yield

D2ϕr = 4(m− r)(r + 1)α2ϕr, D2ϕr+1 = 4(m− r)(r + 1)α2ϕr+1. (3.24)

In [17], the authors gave examples of spinc structures on compact Kähler-Einstein man-
ifolds of positive scalar curvature, which carry Kählerian Killing spinc spinors lying in
ΣrM ⊕ Σr+1M , for r 6= m±1

2 , in contrast to the spin case, where Kählerian Killing
spinors may only exist for m odd in the middle of the decomposition (3.8). We briefly
describe these spinc structures here. If the first Chern class c1(KM ) of the canonical
bundle of the Kähler M is a non-zero cohomology class, the greatest number p ∈ N∗
such that

1

p
c1(KM ) ∈ H2(M,Z),

is called the (Fano) index of the manifold M . One can thus consider a p-th root of
the canonical bundle KM , i.e. a complex line bundle L, such that Lp = KM . In [17],
O. Hijazi, S. Montiel and F. Urbano proved the following:

Theorem 3.3 (Theorem 14, [17]) Let M be a 2m-dimensional Kähler-Einstein com-
pact manifold with scalar curvature 4m(m+1) and index p ∈ N∗. For each 0 ≤ r ≤ m+1,
there exists on M a spinc structure with auxiliary line bundle given by Lq, where
q = p

m+1(2r − m − 1) ∈ Z, and carrying a Kählerian Killing spinor ψr−1 + ψr ∈
Γ(Σr−1M ⊕ ΣrM), i.e. it satisfies the first order system{

∇Xψr = −X+ · ψr−1,

∇Xψr−1 = −X− · ψr,

for all X ∈ Γ(TM).

For example, if M is the complex projective space CPm of complex dimension m,
then p = m+ 1 and L is just the tautological line bundle. We fix 0 ≤ r ≤ m+ 1 and we
endow CPm with the spinc structure whose auxiliary line bundle is given by Lq where
q = p

m+1(2r−m− 1) = 2r−m− 1 ∈ Z. For this spinc structure, the space of Kählerian

Killing spinors in Γ(Σr−1M ⊕ΣrM) has dimension
(
m+1
r

)
. A Kähler manifold carrying

a complex contact structure necessarily has odd complex dimension m = 2`+ 1 and its
index p equals ` + 1. We fix 0 ≤ r ≤ m + 1 and we endow M with the spinc structure
whose auxiliary line bundle is given by Lq where q = p

m+1(2r −m− 1) = r − `− 1 ∈ Z.
For this spinc structure, the space of Kählerian Killing spinors in Γ(Σr−1M ⊕ ΣrM)
has dimension 1. In these examples, for r = 0 (resp. r = m + 1), we get the canonical
(resp. anticanonical) spinc structure for which Kählerian Killing spinors are just parallel
spinors.

3 Eigenvalue estimates for the spinc Dirac operator on Kähler-
Einstein Manifolds

In this section, we give a lower bound for the eigenvalues of the spinc Dirac operator on
a Kähler-Einstein manifold endowed with particular spinc structures. More precisely,
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let (M2m, g, J) be a compact Kähler-Einstein manifold of index p ∈ N∗ and of positive
scalar curvature S, endowed with the spinc structure given by Lq, where L is the p-th
root of the canonical bundle and q+ p ∈ 2Z (among all powers Lq, only those satisfying
p+ q ∈ 2Z provide us a spinc structure, cf. [17, Section 7]). The curvature form FA of
the induced connection A on Lq acts on the spinor bundle as q

p iρ. Since (M2m, g, J) is

Kähler-Einstein, it follows that ρ = S
2mΩ, where Ω is the Kähler form. Hence, for each

0 ≤ r ≤ m, we have:

(S + 2FA) · ϕr =

(
1− q

p
· 2r −m

m

)
S ϕr, ∀ϕr ∈ Γ(ΣrM). (3.25)

Let us denote by cr := 1− q
p ·

2r−m
m and

a1 : {0, . . . ,m} → R, a1(r) :=
r + 1

2r + 1
cr,

a2 : {0, . . . ,m} → R, a2(r) :=
m− r + 1

2m− 2r + 1
cr.

With the above notation, the following result holds:

Proposition 3.4 Each eigenvalue λr of D2 restricted to ΣrM satisfies the inequality:

λr ≥ max
(

min
(
a1(r), a1(r − 1)

)
,min

(
a2(r), a2(r + 1)

))
· S

2
. (3.26)

Moreover, the equality case is characterized as follows:

a) D2ϕr = a1(r)S2ϕr ⇐⇒ Trϕr = 0, D−ϕr = 0.

b) D2ϕr = a1(r − 1)S2ϕr ⇐⇒ Tr−1(D−ϕr) = 0.

c) D2ϕr = a2(r)S2ϕr ⇐⇒ Trϕr = 0, D+ϕr = 0.

d) D2ϕr = a2(r + 1)S2ϕr ⇐⇒ Tr+1(D+ϕr) = 0.

Proof. For 0 ≤ r ≤ m we have: (S + 2FA) · ϕr = crS ϕr, ∀ϕr ∈ Γ(ΣrM). Let r ∈
{0, . . . ,m} be fixed, λr be an eigenvalue of D2|ΣrM and ϕ ∈ Γ(ΣrM) be an eigenspinor:
D2ϕ = λrϕ. We distinguish two cases.

i) If D−ϕ = 0, then |Dϕ|2 = |D+ϕ|2 and (3.13) implies:

|∇ϕ|2 ≥ 1

2(r + 1)
|D+ϕ|2 =

1

2(r + 1)
|Dϕ|2.

By Lemma 3.2, it follows that

λr ≥
r + 1

2(2r + 1)
crS.
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ii) If D−ϕ 6= 0, then we consider ϕ− := D−ϕ, which satisfies D2ϕ− = λrϕ
− and

D−ϕ− = 0, so in particular |Dϕ−|2 = |D+ϕ−|2. We now apply the argument in i)
to ϕ− ∈ Γ(Σr−1M). By (3.13), it follows that

|∇ϕ−|2 ≥ 1

2r
|D+ϕ−|2 =

1

2r
|Dϕ−|2.

Applying again Lemma 3.2, we obtain λr ≥ r
2(2r−1)cr−1S.

Hence, we have showed that λr ≥ min
(
a1(r), a1(r− 1)

)
S
2 . The same argument applied

to the cases when D+ϕ = 0 and D+ϕ 6= 0 proves the inequality λr ≥ min
(
a2(r), a2(r+

1)
)
S
2 . Altogether we obtain the estimate in Proposition 3.4. The characterization of the

equality cases is a direct consequence of Lemma 3.2, identity (3.12) and the description
of the limiting case of inequality (3.13). �

Remark 3.5 The inequality (3.26) can be expressed more explicitly, by determining the
maximum according to several possible cases. However, since in the sequel we will refine
this eigenvalue estimate, we are only interested in the characterization of the limiting
cases, which will be used later in the proof of the equality case of the estimate (3.5).

In order to refine the estimate (3.26), we start by the following two lemmas.

Lemma 3.6 Let (M2m, g, J) be a compact Kähler-Einstein manifold of index p and of
positive scalar curvature S, endowed with a spinc structure given by Lq, where q+p ∈ 2Z.
For any spinor field ϕ and any vector field X, the spinc Ricci identity is given by:

ej · RAej ,Xϕ =
1

2
Ric(X) · ϕ− S

4m

q

p
(XyiΩ) · ϕ, (3.27)

and it can be refined as follows:

e−j · R
A
e+j ,X

−ϕ =
1

2
Ric(X−) · ϕ− S

4m

q

p
X− · ϕ, (3.28)

e+
j · R

A
e−j ,X

+ϕ =
1

2
Ric(X+) · ϕ+

S

4m

q

p
X+ · ϕ. (3.29)

Proof. Since the curvature form FA of the spinc structure acts on the spinor bundle
as q

p iρ = q
p
S

2m iΩ, (3.27) follows directly from the Ricci identity (3.18). The refined

identities (3.28) and (3.29) follow by replacing X in (3.27) with X−, respectively X+,
which is possible since both sides of the identity are complex linear in X, and by taking
into account that when decomposing ej = e+

j + e−j , the following identities (and their

analogue for X+) hold: ej · RAe−j ,X−
= 0 and e+

j · RAe+j ,X−
= 0. These last two identities

are a consequence of the J-invariance of the curvature tensor, i.e. RAJX,JY = RAX,Y ,



66 CHAPTER 3. EIGENVALUE ESTIMATES

for all vector fields X,Y , as this implies RA
e−j ,X

− = RA
Je−j ,JX

− = (−i)2RA
e−j ,X

− and also

e+
j · RAe+j ,X−

= Je+
j · RAJe+j ,X−

= i2e+
j · RAe+j ,X−

, so they both vanish. In order to ob-

tain the second term on the right hand side of (3.28) and (3.29), we use the following
identities of endomorphisms of the spinor bundle: X−yiΩ = X− and X+yiΩ = −X+. �

Lemma 3.7 Under the same assumptions as in Lemma 3.6, the refined Schrödinger-
Lichnerowicz formula for spinc Kähler manifolds for the action on each eigenbundle
ΣrM is given by

2∇1,0∗∇1,0 = D2 − S

4
− i

2
ρ− m− r

2m

q

p
S, (3.30)

2∇0,1∗∇0,1 = D2 − S

4
+
i

2
ρ+

r

2m

q

p
S, (3.31)

where ∇1,0 (resp. ∇0,1) is the holomorphic (resp. antiholomorphic) part of ∇, i.e. the
projections of ∇ onto the following two components:

∇ : Γ(ΣrM)→ Γ(Λ1,0M ⊗ ΣrM)⊕ Γ(Λ0,1M ⊗ ΣrM).

They are locally defined, for all vector fields X, by

∇1,0
X = g(X, e−i )∇e+i = ∇X+ and ∇0,1

X = g(X, e+
i )∇e−i = ∇X− ,

where {e1, . . . , e2m} is a local orthonormal basis of TM.

Proof. Let {e1, . . . , e2m} be a local orthonormal basis of TM (identified with Λ1M
via the metric g), parallel at the point where the computation is made. We recall that
the formal adjoints ∇1,0∗ and ∇1,0∗ are given by the following formulas (for a proof, see
e.g. [32, Lemma 20.1]):

∇1,0∗ : Γ(Λ1,0M ⊗ ΣrM) −→ Γ(ΣrM), ∇1,0∗(α⊗ ϕ) = (δα)ϕ−∇αϕ,

∇0,1∗ : Γ(Λ0,1M ⊗ ΣrM) −→ Γ(ΣrM), ∇0,1∗(α⊗ ϕ) = (δα)ϕ−∇αϕ.

We thus obtain for the corresponding Laplacians:

∇1,0∗∇1,0ϕ = ∇1,0∗(e−j ⊗∇e+j ϕ) = −∇e−j ∇e+j , (3.32)

since δe−j = 0, as the basis is parallel at the given point, and g(·, e−j ) ∈ Λ1,0M . Analo-

gously, or by conjugation, we have ∇0,1∗∇0,1ϕ = −∇e+j ∇e−j . We now prove (3.30). By
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a similar computation, one obtains (3.31).

2∇1,0∗∇1,0 (3.32)
= −2g(ei, ej)∇e−i ∇e+j = (ei · ej + ej · ei) · ∇e−i ∇e+j

= D+D− + ej · ei · (∇e+j ∇e−i −Re+j ,e−i )

(3.29)
= D+D− +D−D+ + e−j · e

+
i ·Re−i ,e+j

= D2 + e−j ·
(

1

2
Ric(e+

j ) +
S

4m

q

p
e+
j

)
(3.16),(3.17)

= D2 − 1

2

(
S

2
+ iρ

)
− m− r

2m

q

p
S.

�

Theorem 3.8 Let (M2m, g, J) be a compact Kähler-Einstein manifold of index p and
positive scalar curvature S, carrying the spinc structure given by Lq with q + p ∈ 2Z,
where Lp = KM . We assume that p ≥ |q|. Then, for each r ∈ {0, . . . ,m}, any eigenvalue
λr of D2|Γ(ΣrM) satisfies the inequality:

λr ≥ e(r)
S

2
, (3.33)

where

e : [0,m]→ R, e(x) =

e1(x) = m−x
m

(
1 + q

p

)
, if x ≤

(
1 + q

p

)
m
2 ,

e2(x) = x
m

(
1− q

p

)
, if x ≥

(
1 + q

p

)
m
2 .

Moreover, equality is attained if and only if the corresponding eigenspinor ϕr ∈ Γ(ΣrM)

is an antiholomorphic spinor: ∇1,0ϕr = 0, if r ≤
(

1 + q
p

)
m
2 , respectively a holomorphic

spinor: ∇0,1ϕr = 0, if r ≥
(

1 + q
p

)
m
2 .

Proof. First we notice that our assumption |q| ≤ p implies that the lower bound in

(3.33) is non-negative and that 0 ≤
(

1 + q
p

)
m
2 ≤ m. The formulas (3.30) and (3.31)

applied to ϕr yield, after taking the scalar product with ϕr and integrating over M , the
following inequalities:

λr ≥
m− r
m

(
1 +

q

p

)
S

2
,

λr ≥
r

m

(
1− q

p

)
S

2
,

and equality is attained if and only if the corresponding eigenspinor ϕr satisfies ∇1,0ϕr =
0, resp. ∇0,1ϕr = 0. Hence, for any 0 ≤ r ≤ m we obtain the following lower bound:

λr ≥ max

(
m− r
m

(
1 +

q

p

)
,
r

m

(
1− q

p

))
= e(r)

S

2
.
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�

Remark 3.1 Let us denote q
p ·

m+1
2 + m−1

2 by b. Comparing the estimate given by
Theorem 3.8 with the estimate from Proposition 3.4, we obtain for r ≤ b:

e(r)− a1(r) =
(m+ 1) qp +m− 1− 2r

m(2r + 1)
= − 2(r − b)

m(2r + 1)
.

Hence, for r ≤ b, we have e(r) ≥ a1(r) and e(r) = a1(r) iff r = b ∈ N.
Similarly, for r ≥ b+ 1, we compute:

e(r)− a2(r) =
2(m− r)(r − b− 1)

m(2m− 2r + 1)
.

Hence, for r ≥ b+ 1, we have e(r) ≥ a2(r) and e(r) = a2(r) iff r = b+ 1 ∈ N.

Theorem 3.8 implies the global lower bound for the eigenvalues of the spinc Dirac
operator acting on the whole spinor bundle in Theorem 3.1. We are now ready to prove
this result.

Proof of Theorem 3.1 Since the lower bound established in Theorem 3.8 decreases
on (0,

(
1 + q

p

)
m
2 ) and increases on (

(
1 + q

p

)
m
2 ,m), we obtain the following global esti-

mate:

λ ≥ e
((

1 +
q

p

)
m

2

)
=

1

2

(
1− q2

p2

)
S

2
.

However, this estimate is not sharp. Otherwise, this would imply that
(

1 + q
p

)
m
2 ∈ N

and the limiting eigenspinor would be, according to the characterization of the equality
case in Theorem 3.8, both holomorphic and antiholomorphic, hence parallel and, in
particular, harmonic. This fact together with the Lichnerowicz-Schrödinger formula
(3.6) and the fact that the scalar curvature is positive leads to a contradiction.

We now assume that there exists an r ∈ N, such that b < r <
(

1 + q
p

)
m
2 and the

equality in (3.33) is attained. We obtain a contradiction as follows. Let ϕr be the
corresponding eigenspinor: D2ϕr = e1(r)S2ϕr and ∇1,0ϕr = 0. Then D+ϕr ∈ Σr+1M is
also an eigenspinor of D2 to the eigenvalue e1(r)S2 (note that D+ϕr 6= 0, otherwise ϕr
would be a harmonic spinor and we could conclude as above). However, for all r > b,

the strict inequality e2(r + 1) > e1(r) holds. Since r + 1 >
(

1 + q
p

)
m
2 , this contradicts

the estimate (3.33). The same argument as above shows that there exists no r ∈ N, such

that
(

1 + q
p

)
m
2 < r < b+ 1 and the equality in (3.33) is attained. Hence, we obtain the

following global estimate:

λ ≥ e1(b)
S

2
= e2(b+ 1)

S

2
=
m+ 1

2m

(
1− q2

p2

)
S

2
=

(
1− q2

p2

)
(m+ 1)2.
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According to Theorem 3.8, the equality is attained if and only if b ∈ N and the
corresponding eigenspinors ϕb ∈ Γ(ΣbM) and ϕb+1 ∈ Γ(Σb+1M) to the eigenvalue(

1− q2

p2

)
(m+1)2 are antiholomorphic resp. holomorphic spinors: ∇1,0ϕb = 0,∇0,1ϕb+1 =

0. In particular, this implies D−ϕb = 0 and D+ϕb+1 = 0. By Remark 3.1, we have:
e1(b) = a1(b) and e2(b+ 1) = a2(b+ 1). Hence, the characterization of the equality case
in Proposition 3.4 yields Tbϕb = 0 and Tb+1ϕb+1 = 0, which further imply:

∇Xϕb = − 1

2(b+ 1)
X− ·D+ϕb = − 1

2(b+ 1)
X− ·Dϕb, (3.34)

∇Xϕb+1 = − 1

2(m− b)
X+ ·D−ϕb+1 = − 1

2(m− b)
X+ ·Dϕb+1. (3.35)

We now show that the spinors ϕb+ 1

(m+1)
(

1+ q
p

)Dϕb ∈ Γ(ΣbM ⊕Σb+1M) and ϕb+1 +

1

(m+1)
(

1− q
p

)Dϕb+1 ∈ Γ(Σb+1M⊕ΣbM) are Kählerian Killing spinc spinors. Note that for

q = 0 (corresponding to the spin case), it follows that ϕb+
1

m+1Dϕb, ϕb+1 + 1
m+1Dϕb+1 ∈

Γ(ΣbM ⊕ Σb+1M) are eigenspinors of the Dirac operator corresponding to the smallest
possible eigenvalue m+ 1, i.e. Kählerian Killing spinors. From (3.34) it follows:

∇Xϕb = −X− · 1

(m+ 1)
(

1 + q
p

)Dϕb (3.36)

Applying (3.20) to ϕb in this case for Ric = S
2mg = 2(m + 1)g and FA = q

p
S

2m iΩ =

2(m+ 1) qp iΩ, we get:

∇X(D+ϕb) = −(m+ 1)

(
1 +

q

p

)
X+ · ϕb. (3.37)

According to the definition equation (3.22) of a Kählerian Killing spinc spinor,
equations (3.36) and (3.37) imply that the spinor ϕb + 1

(m+1)
(

1+ q
p

)Dϕb ∈ Γ(ΣbM ⊕

Σb+1M) is a Kählerian Killing spinc spinor. A similar computation yields that ϕb+1 +
1

(m+1)
(

1− q
p

)Dϕb+1 is a Kählerian Killing spinc spinor. Conversely, if ϕb + ϕb+1 ∈

Γ(ΣbM ⊕ Σb+1M) is a Kählerian Killing spinc spinor, then according to (3.24), ϕb

and ϕb+1 are eigenspinors of D2 to the eigenvalue 4(m− b)(b+ 1) =
(

1− q2

p2

)
(m+ 1)2.

This concludes the proof. �

Remark 3.2 If q = 0, which corresponds to the spin case, the assumption p ≥ |q| = 0
is trivial and we recover from Theorem 3.8 and Theorem 3.1 Kirchberg’s estimates on
Kähler-Einstein spin manifolds: the lower bound (3.2) for m odd, namely λ2 ≥ m+1

4m S =
e(m+1

2 )S2 , and the lower bound (3.4) for m even, namely λ2 ≥ m+2
4m S = e(m2 + 1)S2 . If

q = −p (resp. q = p), which corresponds to the canonical (resp. anti-canonical) spinc

structure, the lower bound in Theorem 3.1 equals 0 and is attained by the parallel spinors
in Σ0M (resp. ΣmM), cf. [31].
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Remark 3.3 If q = 0, which corresponds to the spin case, the assumption p ≥ |q| = 0
is trivial and we recover from Theorem 3.8 and Theorem 3.1 Kirchberg’s estimates on
Kähler-Einstein spin manifolds: the lower bound (3.2) for m odd, namely λ2 ≥ m+1

4m S =
e(m+1

2 )S2 , and the lower bound (3.4) for m even, namely λ2 ≥ m+2
4m S = e(m2 + 1)S2 .

In the latter case, when m is even, the equality in (3.5) cannot be attained, as b =
m
2 −

1
2 /∈ N. Also for r = m

2 the inequality (3.33) is strict, since otherwise it would
imply, according to the characterization of the equality case in Theorem 3.8, that the
corresponding eigenspinor ϕ ∈ Σm

2
M is parallel, in contradiction to the positivity of the

scalar curvature. Note that the same argument as in the proof of Theorem 3.1 shows
that there cannot exist an eigenspinor ϕ ∈ Σm

2
M of D2 to an eigenvalue strictly smaller

than the lowest bound for r = m
2 ± 1, since otherwise D+ϕ and D−ϕ would either be

eigenspinors or would vanish, leading in both cases to a contradiction. Hence, from the

estimate (3.33) and the fact that the function e1 decreases on (0,
(

1 + q
p

)
m
2 ) and e2

increases on (
(

1 + q
p

)
m
2 ,m), it follows that the lowest possible bound for λ2 in this case

is given by e1(m2 −1)S = e2(m2 +1)S = m+2
4m . If q = −p (resp. q = p), which corresponds

to the canonical (resp. anti-canonical) spinc structure, the lower bound in Theorem 3.1
equals 0 and is attained by the parallel spinors in Σ0M (resp. ΣmM), cf. [31].

4 Harmonic forms on limiting Kähler-Einstein manifolds

In this section we give an application for the eigenvalue estimate of the spinc Dirac
operator established in Theorem 3.1. Namely, we extend to spinc spinors the result of
A. Moroianu [29] stating that the Clifford multiplication between a harmonic effective
form of nonzero degree and a Kählerian Killing spinor vanishes. As above, M denotes
a 2m-dimensional Kähler-Einstein compact manifold of index p and normalized scalar
curvature 4m(m + 1), which carries the spinc structure given by Lq with q + p ∈ 2Z,
where Lp = KM . We call M a limiting manifold if equality in (3.5) is achieved on M ,
which is by Theorem 3.1 equivalent to the existence of a Kählerian Killing spinc spinor
in ΣrM ⊕Σr+1M for r = q

p ·
m+1

2 + m−1
2 ∈ N. Let ψ = ψr−1 +ψr ∈ Γ(Σr−1M ⊕ΣrM) be

such a spinor, i.e. Ω ·ψr−1 = i(2r− 2−m)ψr−1, Ω ·ψr = i(2r−m)ψr and the following
equations are satisfied: {

∇X+ψr = −X+ · ψr−1,

∇X−ψr−1 = −X− · ψr.

By (3.23), we have:

Dψr = 2(m− r + 1)ψr−1, Dψr−1 = 2rψr.

Recall that a form ω on a Kähler manifold is called effective if Λω = 0, where Λ is the
adjoint of the operator L : Λ∗M −→ Λ∗+2M , L(ω) := ω ∧ Ω. More precisely, Λ is given

by the formula: Λ = −2
2m∑
j=1

e+
j ye

−
j y. Moreover, one can check that

(ΛL− LΛ)ω = (m− t)ω, ∀ω ∈ ΛtM. (3.38)
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Lemma 3.9 Let ψ = ψr−1 +ψr ∈ Γ(Σr−1M⊕ΣrM) be a Kählerian Killing spinc spinor
and ω a harmonic effective form of type (k, k′). Then, we have

D(ω · ψr) = 2(−1)k+k′(m− r + 1− k′)ω · ψr−1 (3.39)

D(ω · ψr−1) = 2(−1)k+k′(r − k)ω · ψr. (3.40)

Proof. The following general formula holds for any form ω of degree deg(ω) and any
spinor ϕ:

D(ω · ϕ) = (dω + δω) · ϕ+ (−1)deg(ω)ω ·Dϕ− 2
2m∑
j=1

(ejyω) · ∇ejϕ.

Applying this formula to an effective harmonic form ω of type (k, k′) and to the com-
ponents of the Kählerian Killing spinc spinor ψ, we obtain:

D(ω · ψr) = (−1)k+k′ω ·Dψr−1 − 2
2m∑
j=1

(ejyω) · ∇ejψr

= (−1)k+k′2(m− r + 1)ω · ψr−1 + 2
2m∑
j=1

(e−j yω) · e+
j · ψr−1

= 2(−1)k+k′ [(m− r + 1)ω · ψr−1 + (

2m∑
j=1

e+
j ∧ (e−j yω)) · ψr−1]

Since ω is effective, we have for any spinor ϕ that

(e−j yω) · e+
j · ϕ = (−1)k+k′−1

(
e+
j ∧ (e−j yω) + e+

j ye
−
j yω

)
· ϕ.

Thus, we conclude D(ω ·ψr) = 2(−1)k+k′(m−r+1−k′)ω ·ψr−1. Analogously we obtain
D(ω · ψr−1) = 2(−1)k+k′(r − k)ω · ψr. �
Now, we are able to state the main result of this section, which extends the result of A.
Moroianu mentioned in the introduction to the spinc setting:

Theorem 3.10 On a compact Kähler-Einstein limiting manifold, the Clifford multipli-
cation of a harmonic effective form of nonzero degree with the corresponding Kählerian
Killing spinc spinor vanishes.

Proof. Equations (3.39) and (3.40) imply that

D2(ω · ψ) = 4(r − k)(m− r + 1− k′)ω · ψ.

Note that for all values of k, k′ ∈ {0, . . . ,m} and r ∈ {0, . . . ,m+ 1}, either 4(r−k)(m−
r + 1 − k′) ≤ 0, or 4(r − k)(m − r + 1 − k′) < 4r(m − r + 1), which for r = b + 1 is
exactly the lower bound obtained in Theorem 3.1 for the eigenvalues of D2. This shows
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that ω · ψ = 0. �

Kähler-Einstein manifolds carrying a complex contact structure are examples of odd
dimensional Kähler manifolds with Kählerian Killing spinc spinors in Σr−1M ⊕ΣrM for
the spinc structure (described in the introduction) whose auxiliary line bundle is given
by Lq and q = r− `− 1, where m = 2`+ 1. Thus, the result of A. Moroianu is obtained
as a special case of Theorem 3.10.
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Chapter 4

The holonomy of locally
conformally Kähler metrics

Farid Madani, Andrei Moroianu, Mihaela Pilca

Abstract. A locally conformally Kähler manifold is a complex manifold (M,J) together with
a Hermitian metric g which is conformal to a Kähler metric in the neighbourhood of each point.
In this paper we obtain three classification results in locally conformally Kähler geometry. The
first one is the classification of conformal classes on compact manifolds containing two non-
homothetic Kähler metrics. The second one is the classification of compact Einstein locally
conformally Kähler manifolds. The third result is the classification of the possible (restricted)
Riemannian holonomy groups of compact locally conformally Kähler manifolds. We show that
every locally (but not globally) conformally Kähler compact manifold of dimension 2n has
holonomy SO(2n), unless it is Vaisman, in which case it has restricted holonomy SO(2n− 1).
We also show that the restricted holonomy of a proper globally conformally Kähler compact
manifold of dimension 2n is either SO(2n), or SO(2n− 1), or U(n), and we give the complete
description of the possible manifolds in the last two cases.

Keywords lcK manifold, holonomy, irreducibility, Kähler structure, Einstein lcK metric, con-
formally Kähler.

1 Introduction

It is well-known that on a compact complex manifold, any conformal class admits at
most one Kähler metric, up to a positive constant. The situation might change if the
complex structure is not fixed. One may thus naturally ask the following question:
are there any compact manifolds which admit two non-homothetic metrics in the same
conformal class, which are both Kähler (then necessarily with respect to non-conjugate
complex structures)? One of the aims of the present paper is to answer this question by
describing all such manifolds. This problem can be interpreted in terms of conformally
Kähler metrics in real dimension 2n with Riemannian holonomy contained in the unitary

This work was partially supported by the Procope Project No. 32977YJ. The third named author
also acknowledges partial support from the ARS-Program at the University of Regensburg.
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group U(n). More generally, we want to classify locally conformally Kähler metrics on
compact manifolds which are Einstein or have non-generic holonomy.

Recall that a Hermitian manifold (M, g, J) of complex dimension n ≥ 2 is called
locally conformally Kähler (lcK) if around every point in M the metric g can be confor-
mally rescaled to a Kähler metric. If Ω := g(J ·, ·) denotes the fundamental 2-form, the
above condition is equivalent to the existence of a closed 1-form θ, called the Lee form
(which is up to a constant equal to the logarithmic differential of the local conformal
factors), such that

dΩ = 2θ ∧ Ω.

If the Lee form θ vanishes, the structure (g, J) is simply Kähler. If the Lee form does
not vanish identically, the lcK structure is called proper. When θ is exact, there exists a
Kähler metric in the conformal class of g, and the manifold is called globally conformally
Kähler (gcK). If θ is not exact, then (M, g, J) it is called strictly lcK. A particular class
of proper lcK manifolds is the one consisting of manifolds whose Lee form is parallel
with respect to the Levi-Civita connexion of the metric, called Vaisman manifolds. A
Vaisman manifold is always strictly lcK since the Lee form, being harmonic, cannot be
exact.

In this paper we study three apparently independent – but actually interrelated –
classification problems:

P1. The classification of compact proper lcK manifolds (M2n, g, J, θ) with g Ein-
stein.

P2. The classification of compact conformal manifolds (M2n, c) whose conformal
class c contains two non-homothetic Kähler metrics.

P3. The classification of compact proper lcK manifolds (M2n, g, J, θ) with reduced
(i.e. non-generic) holonomy: Hol(M, g) ( SO(2n).

It turns out that P1 and P2 are important steps (but also interesting for their own
sake) towards the solution of P3.

We are able to solve each of these problems completely. The solutions are provided
by Theorem 4.1, Theorem 4.2 and Theorem 4.3 below. We now explain briefly these
results and describe the methods used to prove them.

In complex dimension 2, C. LeBrun [16] showed that if a compact complex surface
admits a Hermitian Einstein non-Kähler metric, then the metric is gcK and the complex
surface is obtained from CP 2 by blowing up one, two or three points in general position.
When the complex dimension is greater than 2, A. Derdzinski and G. Maschler, [11], have
obtained the local classification of conformally-Einstein Kähler metrics, and showed that
in the compact case the only Kähler metrics which are conformal (but not homothetic)
to an Einstein metric are those constructed by L. Bérard-Bergery in [5]. By changing the
point of view, this can be interpreted as the classification of compact (proper) globally
conformally Kähler manifolds (M2n, g, J, θ) with g Einstein. In order to solve P1, it
remains to understand the strictly lcK case.

Since every strictly lcK manifold has infinite fundamental group, Myers’ theorem
shows that the scalar curvature of any compact Einstein strictly lcK manifold is non-
positive. In Theorem 4.9 below we show, using Weitzenböck-type arguments, that the
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Lee form of every compact Einstein lcK manifold with non-positive scalar curvature
vanishes. This gives our first result:

Theorem 4.1 If (g, J, θ) is an Einstein proper lcK structure on a compact manifold
M2n, then the Lee form is exact (θ = dϕ), and the scalar curvature of g is positive.
For n = 2 the complex surface (M,J) is obtained from CP 2 by blowing up one, two or
three points in general position. For n ≥ 3, the Kähler manifold (M, e−2ϕg, J) is one of
the examples of conformally-Einstein Kähler manifolds constructed by Bérard-Bergery
in [5].

The solution of Problem P2 relies on Theorem 4.17 below, where we show that if
(M2n, g, J, θ) is a compact proper lcK manifold whose metric g is Kähler with respect to
some complex structure I, then I commutes with J and the Lee form is exact: θ = dϕ.
In particular (g, I) and (e−2ϕg, J) are Kähler structures on M , i.e. the conformal
structure [g] is ambikähler, according to the terminology introduced in dimension 4
by V. Apostolov, D. Calderbank and P. Gauduchon in [2].

Examples of ambikähler structures in every complex dimension n ≥ 2 can be obtained
on the total spaces of some S2-bundles over compact Hodge manifolds, by an Ansatz
which is reminiscent of Calabi’s construction [8]. This construction is described in
Example 4.19 below.

Conversely, we have the following result, which answers Problem P2:

Theorem 4.2 Assume that a conformal class on a compact manifold M of real dimen-
sion 2n ≥ 4 contains two non-homothetic Kähler metrics g+ and g−, that is, there exist
complex structures J+ and J− and a non-constant function ϕ such that (g+, J+) and
(g− := e−2ϕg+, J−) are Kähler structures. Then J+ and J− commute, so that M is
ambikähler. Moreover, for n ≥ 3, there exists a compact Kähler manifold (N,h, JN ),
a positive real number b, and a function ` : (0, b) → R>0 such that (M, g+, J+) and
(M, g−, J−) are obtained from the construction described in Example 4.19.

The proof, explained in detail in Sections 5 and 6, goes roughly as follows: the main
difficulty is to show that the complex structures J+ and J− necessarily commute. This
is done in Theorem 4.17 using in an essential way the compactness assumption. When
the complex dimension is at least 3, Theorem 4.17 also shows that dϕ is preserved (up
to sign) by J+J−. As a consequence, one can check that J+ + J− defines a Hamiltonian
2-form of rank 1 with respect to both Kähler metrics g+ and g−. One can then either use
the classification of compact manifolds with Hamiltonian forms obtained in [1] (which
however is rather involved) or obtain the result in a simpler way by a geometric argument
given in Proposition 4.21.

We now discuss the holonomy problem for compact proper lcK manifolds, that is,
Problem P3, whose original motivation stems from [19].

By the Berger-Simons holonomy theorem, an lcK manifold (M2n, g, J) either has
reducible restricted holonomy representation, or is locally symmetric irreducible, or its
restricted holonomy group Hol0(M, g) is one of the following: SO(2n), U(n), SU(n),
Sp(n2 ), Sp(n2 )Sp(1), Spin(7).
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The restricted holonomy representation of a compact Riemannian manifold (M, g) is
reducible if and only if the tangent bundle of a finite covering of M carries an oriented
parallel (proper) distribution. We first show in Theorem 4.11 that a compact proper lcK
manifold (M2n, g, J) cannot carry a parallel distribution whose rank d satisfies 2 ≤ d ≤
2n − 2. The special case when this distribution is 1-dimensional was studied recently
in [19], where the second named author described all compact proper lcK manifolds
(M2n, g, J) with n ≥ 3 which carry a non-trivial parallel vector field. In Theorem 4.15
below we give an alternate proof of this classification, which is not only simpler, but
also covers the missing case n = 2. This settles the reducible case.

The remaining possible cases given by the Berger-Simons theorem are either Ein-
stein or Kähler (and gcK by Theorem 4.17), and thus fall into the previous classification
results. Summarizing, we have the following classification result for the possible (re-
stricted) holonomy groups of compact proper lcK manifolds:

Theorem 4.3 Let (M2n, g, J, θ), n ≥ 2, be a compact proper lcK manifold with non-
generic holonomy group Hol(M, g) ( SO(2n). Then the following exclusive possibilities
occur:

1. (M, g, J, θ) is strictly lcK, Hol(M, g) ' SO(2n − 1) and (M, g, J, θ) is Vaisman
(that is, θ is parallel).

2. (M, g, J, θ) is gcK (that is, θ is exact) and either:

a) n ≥ 3, Hol0(M, g) ' U(n), and a finite covering of (M, g, J, θ) is obtained by
the Calabi Ansatz described in Example 4.19, or

b) n = 2, Hol0(M, g) ' U(2) and M is ambikähler in the sense of [2], or

c) Hol0(M, g) ' SO(2n− 1) and a finite covering of (M, g, J, θ) is obtained by the
construction described in Theorem 4.15.

2 Preliminaries on lcK manifolds

A locally conformally Kähler (lcK) manifold is a connected Hermitian manifold (M, g, J)
of real dimension 2n ≥ 4 such that around each point, g is conformal to a metric which
is Kähler with respect to J . The covariant derivative of J with respect to the Levi-
Civita connection ∇ of g is determined by a closed 1-form θ (called the Lee form) via
the formula (see e.g. [19]):

∇XJ = X ∧ Jθ + JX ∧ θ, ∀ X ∈ TM. (4.1)

Recall that if τ is any 1-form on M , Jτ is the 1-form defined by (Jτ)(X) := −τ(JX) for
every X ∈ TM , and X ∧ τ denotes the endomorphism of TM defined by (X ∧ τ)(Y ) :=
g(X,Y )τ ] − τ(Y )X. We will often identify 1-forms and vector fields via the metric g,
which will also be denoted by 〈·, ·〉 when there is no ambiguity.
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Let Ω := g(J ·, ·) denote the associated 2-form of J . By (4.1), its exterior derivative
and co-differential are given by

dΩ = 2θ ∧ Ω, (4.2)

and
δΩ = (2− 2n)Jθ. (4.3)

If θ ≡ 0, the structure (g, J) is simply Kähler. If θ is not identically zero, then the
lcK structure (g, J, θ) is called proper. If θ = dϕ is exact, then d(e−2ϕΩ) = 0, so the
conformally modified structure (e−2ϕg, J) is Kähler, and the structure (g, J, θ) is called
globally conformally Kähler (gcK). The lcK structure is called strictly lcK if the Lee form
θ is not exact and Vaisman if θ is parallel with respect to the Levi-Civita connexion of
g.

A typical example of strictly lcK manifold, which is actually Vaisman, is S1×S2n−1,
endowed with the complex structure induced by the diffeomorphism

(Cn \ {0})/Z −→ S1 × S2n−1, [z] 7−→
(
e2πi ln |z|,

z

|z|

)
,

where [z] := {ekz ∈ Cn \ {0} | k ∈ Z}. The Lee form of this lcK structure is the length
element of S1, which is parallel.

Remark 4.4 For each lcK manifold (M, g, J, θ) there exists a group homomorphism
from π1(M) to (R,+) which is trivial if and only if the structure is gcK. Indeed, π1(M)

acts on the universal covering M̃ of M , and preserves the induced lcK structure (g̃, J̃ , θ̃).

Since θ̃ = dϕ is exact on M̃ , for every γ ∈ π1(M) we have d(γ∗ϕ) = γ∗(dϕ) = γ∗(θ̃) =
θ̃ = dϕ, so there exists some real number cγ such that γ∗ϕ = ϕ + cγ. The map γ 7→ cγ
is clearly a group morphism from π1(M) to (R,+), which is trivial if and only if θ is
exact on M . This shows, in particular, that if π1(M) is finite, then every lcK structure
on M is gcK.

For later use, we express, for every lcK structure (g, J, θ), the action of the Rieman-
nian curvature tensor of g on the Hermitian structure J .

Lemma 4.5 The following formula holds for every vector fields X,Y on a lcK manifold
(M, g, J, θ):

RX,Y J = θ(X)Y ∧ Jθ − θ(Y )X ∧ Jθ − θ(Y )JX ∧ θ + θ(X)JY ∧ θ
− |θ|2Y ∧ JX + |θ|2X ∧ JY + Y ∧ J∇Xθ + JY ∧∇Xθ −X ∧ J∇Y θ − JX ∧∇Y θ.

(4.4)

Proof. Taking X,Y parallel at the point where the computation is done and applying
(4.1), we obtain:

RX,Y J = ∇X(Y ∧ Jθ + JY ∧ θ)−∇Y (X ∧ Jθ + JX ∧ θ)
= Y ∧ (∇XJ)(θ) + (∇XJ)(Y ) ∧ θ −X ∧ (∇Y J)(θ)− (∇Y J)(X) ∧ θ

+Y ∧ J∇Xθ + JY ∧∇Xθ −X ∧ J∇Y θ − JX ∧∇Y θ,
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which gives (4.4) after a straightforward calculation using (4.1) again.
Let {ei}i=1,...,2n be a local orthonormal basis of TM . Substituting Y = ej in (4.4),

taking the interior product with ej and summing over j = 1, . . . , 2n yields:

2n∑
j=1

(RX,ejJ)(ej) = (2n− 3)
(
θ(X)Jθ − |θ|2JX + J∇Xθ

)
− θ(JX)θ −∇JXθ − JXδθ,

(4.5)
since the sum

∑2n
j=1 g(J∇ejθ, ej) vanishes, as ∇θ is symmetric.

Corollary 4.6 If the metric g of a compact lcK manifold (M, g, J, θ) is flat, then θ ≡ 0.

Proof. If the Riemannian curvature of g vanishes, (4.5) yields

0 = (2n− 3)
(
θ(X)Jθ − |θ|2JX + J∇Xθ

)
− θ(JX)θ −∇JXθ − JXδθ.

We make the scalar product with JX in this equation for X = ej , where {ej}j=1,...,2n

is a local orthonormal basis of TM , and sum over j = 1, . . . , 2n to obtain:

0 = (2n− 3)
(
|θ|2 − 2n|θ|2 − δθ

)
− |θ|2 + δθ − 2nδθ

= −(2n− 2)2|θ|2 − 2(2n− 2)δθ.

Since n ≥ 2, this last equation yields δθ = (1− n)|θ|2, which by Stokes’ Theorem after
integration over M gives θ ≡ 0.

The following example shows that the corollary does not hold without the compact-
ness assumption.

Example 4.7 Consider the standard flat Kähler structure (g0, J0) on M := Cn \ {0}.
If r denotes the map x 7→ r(x) := |x|, the conformal metric g := r−4g0 on M is gcK
with respect to J0, with Lee form θ = −2d ln r. Moreover g is flat, being the pull-back of
g0 through the inversion x 7→ x/r2.

3 Compact Einstein lcK manifolds

The purpose of this section is to classify compact Einstein proper lcK manifolds. We
treat separately the two possible cases: non-negative and positive scalar curvature. In
the non-negative case, we show that the Lee form must vanish, so the manifold is already
Kähler. In the positive case, it follows that the manifold is globally conformally Kähler
and one can use Maschler-Derdzinski’s classification of conformally-Einstein Kähler met-
rics, for complex dimension n ≥ 3, and the results of X. Chen, C. LeBrun and B. Weber
[9] for complex surfaces.

Let (M, g, J, θ) be an lcK manifold. We denote by S the following symmetric 2-
tensor:

S := ∇θ + θ ⊗ θ, (4.6)

identified with a symmetric endomorphism via the metric g.
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Lemma 4.8 On an lcK manifold (M, g, J, θ) with g Einstein, S commutes with J .

Proof. Since the statement is local, we may assume without loss of generality that
the Lee form is exact, θ = dϕ, which means that gK := e−2ϕg is Kähler with respect to
J . We denote the Einstein constant of g by λ.

The formula relating the Ricci tensors of conformally equivalent metrics [6, Theorem
1.159] reads:

RicK = Ricg + 2(n− 1) (∇gdϕ+ dϕ⊗ dϕ)− (∆gϕ+ 2(n− 1)g(dϕ,dϕ)) g.

Since gK is Kähler, RicK(J ·, J ·) = RicK(·, ·). Using this fact, together with g(J ·, J ·) =
g(·, ·) and Ricg = λg in the above formula, we infer:

(∇gdϕ+ dϕ⊗ dϕ) (J ·, J ·) = (∇gdϕ+ dϕ⊗ dϕ) (·, ·), (4.7)

which is equivalent to SJ = JS.

The main result of this section is the following:

Theorem 4.9 If (M, g, J, θ) is a compact lcK manifold and g is Einstein with non-
positive scalar curvature, then θ ≡ 0, so (M, g, J) is a Kähler-Einstein manifold.

Proof. Let {ei}i=1,...,2n be a local orthonormal basis which is parallel at the point
where the computation is done. We denote by λ ≤ 0 the Einstein constant of the metric
g, so Ric = λg. The strategy of the proof is to apply the Bochner formula to the 1-forms
θ and Jθ in order to obtain a formula relating the Einstein constant, the co-differential
of the Lee form and its square norm, which leads to a contradiction at a point where
δθ + |θ|2 attains its maximum if θ is not identically zero.

Let S denote as above the endomorphism S = ∇θ + θ ⊗ θ. In particular, we have

Sθ = ∇θθ + |θ|2θ =
1

2
d|θ|2 + |θ|2θ (4.8)

and the trace of S is computed as follows

tr(S) = |θ|2 − δθ. (4.9)

In the sequel, we use Lemma 4.8, ensuring that S commutes with J . We start by
computing the covariant derivative of Jθ:

∇XJθ = (∇XJ)(θ) + J(∇Xθ)
(4.1)
= (X ∧ Jθ + JX ∧ θ)(θ) + J(SX − θ(X)θ)

= JSX − Jθ(X)θ − |θ|2JX.
(4.10)

The exterior differential of Jθ is then given by the following formula:

dJθ =
2n∑
i=1

ei ∧∇eiJθ = 2JS + θ ∧ Jθ − 2|θ|2Ω. (4.11)
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We further compute the Lie bracket between θ and Jθ (viewed as vector fields):

[θ, Jθ] = ∇θJθ −∇Jθθ
(4.6),(4.10)

= JSθ − |θ|2Jθ − SJθ = −|θ|2Jθ. (4.12)

By (4.3), we have δJθ = 0. Using the following identities:

δ(θ ∧ Jθ) = (δθ)Jθ − δ(Jθ)θ − [θ, Jθ]
(4.12)

= (δθ + |θ|2)Jθ, (4.13)

δ(|θ|2Ω) = −J(d|θ|2) + |θ|2δΩ (4.3)
= −J(d|θ|2) + (2− 2n)|θ|2Jθ, (4.14)

we compute the Laplacian of Jθ:

∆Jθ = δdJθ
(4.11)

= δ(2JS + θ ∧ Jθ − 2|θ|2Ω)

(4.13),(4.14)
= 2δ(JS) + (δθ + |θ|2)Jθ + 2J(d|θ|2) + 2(2n− 2)|θ|2Jθ

= 2δ(JS) + δθJθ + 2J(d|θ|2) + (4n− 3)|θ|2Jθ.

(4.15)

We obtain the following formula for the connection Laplacian of Jθ:

∇∗∇Jθ = −
2n∑
i=1

∇ei∇eiJθ
(4.10)

= −
2n∑
i=1

∇ei(JSei − Jθ(ei)θ − |θ|2Jei)

= δ(JS) +∇Jθθ + Jd(|θ|2) + |θ|2
2n∑
i=1

(∇eiJ)(ei)

(4.3)
= δ(JS) + SJθ + Jd(|θ|2) + (2n− 2)|θ|2Jθ

(4.8)
= δ(JS) + |θ|2Jθ +

3

2
Jd(|θ|2) + (2n− 2)|θ|2Jθ.

(4.16)

The Bochner formula applied to Jθ reads: ∆Jθ = ∇∗∇Jθ + Ric(Jθ). Substituting in
this formula equations (4.15) and (4.16) yields

−δ(JS) = (δθ)Jθ +
1

2
J(d|θ|2) + 2(n− 1)|θ|2Jθ − λJθ,

which, after applying −J on both sides, reads:

Jδ(JS) = (δθ)θ +
1

2
d|θ|2 + 2(n− 1)|θ|2θ − λθ. (4.17)

The connection Laplacian of θ is computed as follows:

∇∗∇θ = −
2n∑
i=1

∇ei∇eiθ = −
2n∑
i=1

∇ei(Sei − θ(ei)θ) = δS − (δθ)θ +
1

2
d|θ|2. (4.18)

The Bochner formula applied to θ yields ∆θ = ∇∗∇θ + Ric(θ), which by (4.18) is
equivalent to

δS = (δθ)θ − 1

2
d|θ|2 − λθ + dδθ. (4.19)
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On the other hand, we have:

δ(JS) = −
2n∑
i=1

(∇eiJS)(ei) = −
2n∑
i=1

(∇eiJ)(Sei)−
2n∑
i=1

J(∇eiS)(ei)

(4.1)
= −

2n∑
i=1

(ei ∧ Jθ + Jei ∧ θ)(Sei) + J(δS)

= −tr(S)Jθ + 2JSθ + J(δS)
(4.8),(4.9)

= (δθ)Jθ + J(d|θ|2) + |θ|2Jθ + J(δS).

Applying J to this equality yields

− Jδ(JS)− δS = (δθ)θ + (d|θ|2) + |θ|2θ. (4.20)

Summing up (4.17), (4.19) and (4.20), we obtain:

3(δθ)θ − 2λθ + dδθ + d|θ|2 + (2n− 1)|θ|2θ = 0. (4.21)

Denoting by f the function f := δθ + |θ|2, the equality (4.21) is equivalent to:

df = (2λ− 3f + (4− 2n)|θ|2)θ. (4.22)

We argue by contradiction and assume that θ is not identically zero. Therefore, the
integral of f over M is positive. As M is compact, there exists p0 ∈M at which f attains
its maximum, f(p0) > 0. In particular, we have (df)p0 = 0 and (∆f)(p0) ≥ 0. Applying
(4.22) at the point p0 yields that θp0 = 0, because 2λ−3f(p0)+(4−2n)|θp0 |2 < 0. From
the definition of f , it follows that δθ(p0) > 0.

On the other hand, taking the co-differential of (4.22), we obtain:

∆f = (2λ− 3f + (4− 2n)|θ|2)δθ + 3θ(f) + (2n− 4)θ(|θ|2).

Evaluating at p0 leads to a contradiction, since the left-hand side is non-negative and
the right-hand side is negative, as θp0 = 0 and (2λ− 3f(p0))δθ(p0) < 0. Thus, θ ≡ 0.

Note that in complex dimension n = 2, C. LeBrun [16] showed, by extending results
of A. Derdzinski [10], that a Hermitian non-Kähler Einstein metric on a compact complex
surface is necessarily conformal to a Kähler metric and has positive scalar curvature.
In particular, this result implies the statement of Theorem 4.9 for complex surfaces.
However, the method of our proof works in all dimensions.

If (M2n, g, J, θ) is a compact lcK manifold and g is Einstein with positive scalar
curvature, then by Myers’ Theorem and Remark 4.4, (M, g, J) is gcK. The classification
of conformally Kähler compact Einstein manifolds in complex dimension n ≥ 3 has been
obtained by A. Derdzinski and G. Maschler in a series of three papers [11, 12, 13]. They
showed that the only examples are given by the construction of L. Bérard-Bergery, [5].
In complex dimension n = 2, the only compact complex surfaces which might admit
proper gcK Einstein metrics are the blow-up of CP 2 at one, two or three points in
general position, according to a result of C. LeBrun, [16, Theorem A]. Moreover, in the
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one point case, he showed that, up to rescaling and isometry, the only such metric is
the well-known Page metric, [21]. The existence of a Hermitian Einstein metric on the
blow-up of CP 2 at two different points was proven by X. Chen, C. LeBrun and B. Weber
in [9].

Theorem 4.9 and the above remarks complete the proof of Theorem 4.1.

4 The holonomy problem for compact lcK manifolds

The aim of this section is to study compact lcK manifolds (M, g, J, θ) of complex dimen-
sion n ≥ 2 with non-generic holonomy group: Hol0(M, g) ( SO(2n). By the Berger-
Simons holonomy theorem, the following exclusive possibilities may occur:

• The restricted holonomy group Hol0(M, g) is reducible;

• Hol0(M, g) is irreducible and (M, g) is locally symmetric;

• M is not locally symmetric, and Hol0(M, g) belongs to the following list: U(n),
SU(n), Sp(n/2), Sp(n/2)Sp(1), Spin(7) (for n = 4).

4.1 The reducible case

In this section we classify the compact lcK manifolds with reducible restricted holonomy.
We start with the following result (for a proof see for instance the first part of the proof
of [4, Theorem 4.1]):

Lemma 4.10 If (M, g) is a compact Riemannian manifold with Hol0(M, g) reducible,
then there exists a finite covering M of M , such that Hol(M, ḡ) is reducible.

Let now (M, g, J, θ) be a compact proper lcK manifold of complex dimension n ≥ 2
with Hol0(M, g) reducible. Lemma 4.10 shows that by replacing M with some (compact)
finite covering M , and by pulling back the lcK structure to M , one may assume that
the tangent bundle can be decomposed as TM = D1 ⊕D2, where D1 and D2 are two
parallel orthogonal oriented distributions of rank n1, respectively n2, with 2n = n1 +n2.
We first show that the case n1 ≥ 2 and n2 ≥ 2 is impossible if the lcK structure is
proper.

Theorem 4.11 Let (M, g, J, θ) be a compact lcK manifold of complex dimension n ≥ 2.
If there exist two orthogonal parallel oriented distributions D1 and D2 of rank n1 ≥ 2
and n2 ≥ 2 such that TM = D1 ⊕D2, then θ ≡ 0.

Proof. Since the arguments for n = 2 and n ≥ 3 are of different nature, we treat the
two cases separately. Consider first the case of complex dimension n = 2. Then both
distributions D1 and D2 have rank 2, and their volume forms Ω1 and Ω2 define two
Kähler structures on M compatible with g by the formula g(I±·, ·) = Ω1±Ω2. Using the
case n = 2 in Theorem 4.17 below, we deduce that J commutes with I+ and with I−. In
particular, J preserves the ±1 eigenspaces of I+I−, which are exactly the distributions
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D1 and D2. Since J is also orthogonal, its restriction to D1 and D2 coincides up to sign
with the restriction of I+ to D1 and D2. Thus J = ±I+ or J = ±I−. In each case, the
structure (g, J) is Kähler, so θ ≡ 0.

We consider now the case n ≥ 3. Let θ = θ1 + θ2 be the corresponding splitting
of the Lee form. We fix a local orthonormal basis {ei}i=1,...,2n, which is parallel at the
point where the computation is done and denote by eai the projection of ei onto Da, for
a ∈ {1, 2}.

The exterior differential and Ω split with respect to the decomposition of the tangent
bundle as follows: d = d1 + d2 and Ω = Ω11 + 2Ω12 + Ω22, where for a, b ∈ {1, 2} we
define:

da :=
2n∑
i=1

eai ∧∇eai , Ωab :=
1

2

2n∑
i=1

eai ∧ (Jei)
b =

1

2

2n∑
i=1

eai ∧ (Jeai )
b.

Lemma 4.12 With the above notation, for any vector fields X1 ∈ D1 and X2 ∈ D2,
the following relations hold:

∇X1θ2 = −θ1(X1)θ2, ∇X2θ1 = −θ2(X2)θ1. (4.23)

Proof. Note that dθ = 0 implies daθb + dbθa = 0, for all a, b ∈ {1, 2}. For c ∈ {1, 2}
we compute:

dcΩab
(4.1)
=

1

2

2n∑
i,j=1

ecj ∧ eai ∧
(
〈 ecj , ei 〉Jθ − 〈 Jθ, ei 〉ecj + 〈 Jecj , ei 〉θ − 〈 θ, ei 〉Jecj

)b
=

1

2

2n∑
i=1

(
eci ∧ eai ∧ Jθb − (Jei)

c ∧ eai ∧ θb − eci ∧ θa ∧ (Jeci )
b
)

= Ωac ∧ θb + Ωcb ∧ θa,

so for all a, b, c ∈ {1, 2} we have

dcΩab = Ωac ∧ θb + Ωcb ∧ θa. (4.24)

Using the fact that d2
c = 0 for c ∈ {1, 2}, we obtain

0 = d2
cΩab = Ωca ∧ (dcθb + θc ∧ θb) + Ωcb ∧ (dcθa + θc ∧ θa). (4.25)

For c = a 6= b in (4.25), we get Ωcc∧(dcθb+θc∧θb) = 0 and for a = b: Ωcb∧(dcθb+θc∧θb) =
0. Summing up, we obtain that Ω∧ (dcθb + θc ∧ θb) = 0, which by the injectivity of Ω∧ ·
on manifolds of real dimension greater than 4, implies that dcθb = −θc ∧ θb. Applying
this identity for b 6= c to Xc ∈ Dc and Xb ∈ Db yields (4.23).

The symmetries of the Riemannian curvature tensor imply that RX1,X2 = 0, and
thus RX1,X2J = [RX1,X2 , J ] = 0, for every X1 ∈ D1 and X2 ∈ D2.

Using (4.4) for X := X1 and Y := X2 and applying Lemma 4.12, we obtain:

0 = 〈X1, θ1 〉X2 ∧ Jθ1 − 〈X2, θ2 〉X1 ∧ Jθ2 − 〈X2, θ2 〉JX1 ∧ θ2 + 〈X1, θ1 〉JX2 ∧ θ1

−|θ|2X2∧JX1+|θ|2X1∧JX2+X2∧J∇X1θ1+JX2∧∇X1θ1−X1∧J∇X2θ2−JX1∧∇X2θ2,
(4.26)

for every X1 ∈ D1 and X2 ∈ D2.
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Lemma 4.13 The following formula holds:

∇X1θ1 = −〈X1, θ1 〉θ1 +
1

n1

(
|θ1|2 − δθ1

)
X1, ∀X1 ∈ D1. (4.27)

Proof.
Let U denote the open set U := {x ∈ M | (JD2)x 6⊂ (D1)x}. By continuity, it is

enough to prove the result on the open sets M \ U and U .
Let O be some open subset of M \ U , i.e. at every point x of O the inclusion

(JD2)x ⊂ (D1)x holds. On O, let X be some vector field and Y2, Z2 vector fields tangent
to D2. By assumption, we have JY2 ∈ D1, hence ∇XJY2 ∈ D1 and ∇XY2 ∈ D2, thus
J∇XY2 ∈ D1. Applying (4.1), we obtain

0 = 〈∇XJY2, Z2 〉 − 〈 J∇XY2, Z2 〉 = 〈 (∇XJ)Y2, Z2 〉
= 〈X, Y2 〉(Jθ)(Z2)− 〈X, Z2 〉(Jθ)(Y2)− 〈X, JY2 〉θ(Z2) + 〈X, JZ2 〉θ(Y2).

Since n2 ≥ 2, for any Y2 ∈ D2 there exists a non-zero Z2 ∈ D2 orthogonal to Y2. Taking
X = JZ2 ∈ D1 in the above formula yields θ(Y2) = 0. This shows that θ2 = 0, so
θ = θ1. Taking X = Z2 ∈ D2 in the above formula yields θ1(JY2) = 0, for all Y2 ∈ D2.
Substituting into (4.26), we obtain for all X1 ∈ D1 and Y2 ∈ D2:

〈X1, θ1 〉Y2 ∧ Jθ1 + 〈X1, θ1 〉JY2 ∧ θ1 − |θ1|2Y2 ∧ JX1 + |θ1|2X1 ∧ JY2

+ Y2 ∧ J∇X1θ1 + JY2 ∧∇X1θ1 = 0, (4.28)

Let us now consider the decomposition D1 = JD2⊕D′1, where D′1 denotes the orthogonal
complement of JD2 in D1. Note that D′1 is J-invariant, since it is also the orthogonal
complement in TM of the J-invariant distribution D2 ⊕ JD2. Let X1 = JV2 + V1 and
∇X1θ1 = JW2 +W1 be the decomposition of X1, respectively of ∇X1θ1, with respect to
this splitting, i.e. V2,W2 ∈ D2 and V1,W1 ∈ D′1. As shown above, θ1 vanishes on JD2,
meaning that θ1 ∈ D′1.

Taking the trace with respect to Y2 in (4.28) yields

n2〈X1, θ1 〉Jθ1 + |θ1|2[(n2 − 1)V2 − n2JV1] + n2JW1 − (n2 − 1)W2 = 0, (4.29)

which further implies, by projecting onto D2 and D′1, that W1 = −〈X1, θ1 〉θ1 + |θ1|2V1

and W2 = |θ1|2V2. Hence, ∇X1θ1 = |θ1|2X1 − 〈X1, θ1 〉θ1, which in particular implies
δθ1 = (1− n1)|θ1|2, proving (4.27) on M \ U .

We further show that the formula (4.27) holds on U . At every point x of U there exist
vectors X2, Y2 ∈ (D2)x such that X2 ⊥ Y2 and 〈Y2, JX2 〉 6= 0. Indeed, by definition
there exists Y2 ∈ (D2)x such that JY2 /∈ D1, and we can take X2 to be the D2-projection
of JY2.

For any vector X1 ∈ (D1)x we take the scalar product with X1 ∧ Y2 in (4.26) and
obtain:

〈 JX2, Y2 〉
(
〈∇X1θ1, X1 〉+ |〈X1, θ1 〉|2

)
=

− |X1|2
(
〈X2, θ2 〉〈 Jθ2, Y2 〉 − |θ|2〈 JX2, Y2 〉+ 〈 J∇X2θ2, Y2 〉

)
. (4.30)
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We thus get 〈∇X1θ1, X1 〉 + |〈X1, θ1(x) 〉|2 = f1(x)|X1|2, for every X1 ∈ (D1)x, where
the real number f1(x) does not depend on X1. By polarization, we obtain:

∇X1θ1 = −〈X1, θ1(x) 〉θ1(x) + f1(x)X1, ∀X1 ∈ (D1)x. (4.31)

Taking the trace with respect to X1 in this formula and using (4.23) we obtain (δθ1)x =
|θ1(x)|2 − n1f1(x), whence:

f1(x) =
1

n1

(
|θ1|2 − δθ1

)
(x), ∀x ∈ U . (4.32)

From (4.31) and (4.32) we obtain (4.27) on U . This proves the lemma.
A similar argument yields

∇X2θ2 = −〈X2, θ2 〉θ2 +
1

n2

(
|θ2|2 − δθ2

)
X2, ∀X2 ∈ D2. (4.33)

Substituting (4.27) and (4.33) into (4.26), we obtain(
1

n1

(
|θ1|2 − δθ1

)
+

1

n2

(
|θ2|2 − δθ2

)
− |θ|2

)
(X2 ∧ JX1 −X1 ∧ JX2) = 0, ∀Xj ∈ Dj .

Note that for every X1 ∈ D1, X2 ∈ D2 the two-forms X2 ∧ JX1 and X1 ∧ JX2 are
mutually orthogonal. So, choosing X1 non-collinear to JX2 (which is possible as n1 ≥ 2),
the 2-form appearing in the previous formula is non-zero. Hence, we necessarily have

1

n1

(
|θ1|2 − δθ1

)
+

1

n2

(
|θ2|2 − δθ2

)
− |θ|2 = 0.

Integrating this relation over M , we get∫
M
|θ|2dµg =

1

n1

∫
M
|θ1|2dµg +

1

n2

∫
M
|θ2|2dµg.

Since |θ|2 = |θ1|2 + |θ2|2, we obtain
(

1− 1
n1

) ∫
M |θ1|2dµg +

(
1− 1

n2

) ∫
M |θ2|2dµg = 0.

As n1, n2 ≥ 2, it follows that θ ≡ 0. This concludes the proof of the theorem.

Remark 4.14 For every n ≥ 2, the tangent bundle T(Cn \ {0}) endowed with the flat
metric g defined in Example 4.7 can be written as an orthogonal direct sum of two parallel
distributions of ranks at least 2 in infinitely many ways, but the gcK structure (g, J0)
on Cn \ {0} has non-vanishing Lee form θ = −2 ln r. The compactness assumption in
Theorem 4.11 is thus necessary.

It remains to consider the case when one of the two parallel distributions has rank 1.
By taking a further double covering if necessary, we may assume that this 1-dimensional
distribution is oriented, and thus spanned by a globally defined unit vector field. Since
the distribution is preserved by ∇, this vector field is clearly parallel. This case was
studied by the second named author in [19, Theorem 3.5] for n ≥ 3. We will give here
a simpler proof of his result, which also extends it to the missing case n = 2.
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Theorem 4.15 (cf. [19, Theorem 3.5]) Let (M, g, J, θ) be a compact proper lcK man-
ifold of complex dimension n ≥ 2 admitting a non-trivial parallel vector field V . Then,
the following exclusive possibilities occur:

(i) The Lee form θ is a non-zero constant multiple of V [, so M is a Vaisman manifold.

(ii) The Lee form θ is exact, so (M, g,Ω, θ) is gcK, and there exists a complete simply
connected Kähler manifold (N, gN ,ΩN ) of real dimension 2n − 2, a smooth non-
constant real function c : R → R and a discrete co-compact group Γ acting freely
and totally discontinuously on R2×N , preserving the metric ds2 + dt2 + e2c(t)gN ,
the Hermitian 2-form ds ∧ dt + e2c(t)ΩN and the vector fields ∂s and ∂t, such
that M is diffeomorphic to Γ\(R2 ×N), and the structure (g,Ω, θ) corresponds to
(ds2 + dt2 + e2c(t)gN ,ds ∧ dt+ e2c(t)ΩN , dc) through this diffeomorphism.

Proof. Let V be a parallel vector field of unit length on M . We identify as usual 1-
forms with vectors using the metric g and decompose the Lee form as θ = aV +bJV +θ0,
where a := 〈 θ, V 〉, b := 〈 θ, JV 〉 and θ0 is orthogonal onto V and JV . We compute:

δθ = −V (a)− JV (b) + bδJV + δθ0.

On the other hand, we have:

δJV = −
2n∑
i=1

〈 (∇eiJ)V, ei 〉
(4.1)
=

2n∑
i=1

−〈 (ei ∧ Jθ + Jei ∧ θ)(V ), ei 〉

= (2− 2n)〈 θ, JV 〉 = (2− 2n)b,

which yields
δθ = −V (a)− JV (b) + (2− 2n)b2 + δθ0. (4.34)

Replacing X by V in (4.5) and using that V is parallel, we obtain:

(2n− 3)
(
aJθ − |θ|2JV + J∇V θ

)
− bθ −∇JV θ − JV δθ = 0.

Taking the scalar product with JV yields

(2n− 3)
(
a2 − |θ|2 + 〈∇V θ, V 〉

)
− b2 − 〈∇JV θ, JV 〉 − δθ = 0. (4.35)

Further, we compute
〈∇V θ, V 〉 = V (〈 θ, V 〉) = V (a),

〈∇JV θ, JV 〉 = JV (b)−〈 θ, (∇JV J)V 〉 (4.1)
= JV (b)−〈 θ, bJV +aV −θ 〉 = JV (b)+ |θ0|2,

which together with (4.34) and (4.35) imply that

(2n− 2)(V (a)− |θ0|2) = δθ0.

Integrating over M , we obtain
∫
M |θ0|2 = 0, because

∫
M V (a)dµg =

∫
M aδV dµg = 0, as

V is parallel. Hence, θ0 = 0, showing that θ = aV + bJV .
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Claim. The function a is constant and ab = 0.
Proof of the Claim. Equation (4.1) yields

∇XJV = 〈X, V 〉(−bV + aJV ) + bX − 〈X, JV 〉(aV + bJV )− aJX, (4.36)

which allows us to compute the exterior differential of JV , as follows:

dJV = 2a(V ∧ JV − Ω). (4.37)

From the fact that θ is closed and V is parallel, we obtain

0 = da ∧ V + db ∧ JV + bdJV = da ∧ V + db ∧ JV + 2ab(V ∧ JV − Ω),

which implies that ab = 0, for instance, by taking the scalar product with X ∧ JX for
some vector field X orthogonal to V and JV . In particular, we have

da ∧ V + db ∧ JV = 0. (4.38)

Differentiating again (4.37) yields

0 = da∧(V ∧JV−Ω)+a(−V ∧dJV−dΩ) = da∧(V ∧JV−Ω)−2abJV ∧Ω = da∧(V ∧JV−Ω),

which together with (4.38) shows that the function a is constant, thus proving the claim.
If a is non-zero, the second part of the claim shows that b ≡ 0, so θ = aV is parallel

and (M, g, J, θ) is Vaisman.
If a = 0, Equation (4.36) becomes:

∇XJV = b(X − 〈X, V 〉V − 〈X, JV 〉JV ).

We conclude that in this case the metric structure on M is given as in (ii) by applying
Lemma 3.3 and Lemma 3.4 in [19].

4.2 The irreducible locally symmetric case

In this section we show the following result:

Proposition 4.16 Every compact irreducible locally symmetric lcK manifold (M2n, g, J, θ)
has vanishing Lee form.

Proof. An irreducible locally symmetric space is Einstein. If the scalar curvature of
M is non-positive, the result follows directly from Theorem 4.9.

Assume now that M has positive scalar curvature. By Myers’ Theorem and Re-
mark 4.4, (M, g, J) is gcK, so θ = dϕ for some function ϕ, and gK := e−2ϕg is a Kähler
metric. Let X be a Killing vector field of g. Then X is a conformal Killing vector field
of the metric gK . By a result of Lichnerowicz [17] and Tashiro [22], every conformal
Killing vector field with respect to a Kähler metric on a compact manifold is Killing.
This shows that X is a Killing vector field for both conformal metrics g and gK , hence X
preserves the conformal factor, i.e. X(ϕ) = 0. As (M, g) is homogeneous and X(ϕ) = 0
for each Killing vector field X of g, it follows that the function ϕ is constant. Thus
θ = dϕ = 0.
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4.3 Compact irreducible lcK manifolds with special holonomy

We finally consider compact lcK manifolds (M, g, J, θ) of complex dimension n ≥ 2,
whose restricted holonomy group Hol0(M, g) is in the Berger list. The following cases
occur:

If Hol0(M, g) is one of SU(n), Sp(n/2), or Spin(7) (for n = 4), the metric g is
Ricci-flat and θ ≡ 0 by Theorem 4.9.

If Hol0(M, g) = Sp(n/2)Sp(1), the metric g is quaternion-Kähler, hence Einstein
with either positive or negative scalar curvature. In the negative case one has θ ≡ 0 by
Theorem 4.9. On the other hand, P. Gauduchon, A. Moroianu and U. Semmelmann,
have shown in [14], that the only compact quaternion-Kähler manifolds of positive scalar
curvature which carry an almost complex structure are the complex Grassmanians of
2-planes, which are symmetric, thus again θ ≡ 0 by Proposition 4.16.

The case Hol0(M, g) = U(n) is more involved and will be treated in the next sections.

5 Kähler structures on lcK manifolds

In this section we study the last case left open in the previous section, namely compact
proper lcK manifolds (M, g, J, θ) whose restricted holonomy group is equal to U(n). We
will see that there are examples of such structures, but they cannot be strictly lcK.
In particular, the Riemannian metric g of a compact strictly lcK manifold (M, g, J, θ)
cannot be Kähler with respect to any complex structure on M .

The universal covering (M̃, g̃) has holonomy Hol(M̃, g̃) = U(n), so g̃ is Kähler with

respect to some complex structure Ĩ. Every deck transformation γ of M̃ is an isometry
of g̃, so γ∗Ĩ is parallel with respect to the Levi-Civita connection of g̃. As Hol(M̃, g̃) =

U(n), we necessarily have γ∗Ĩ = ±Ĩ for every γ ∈ π1(M) ⊂ Iso(M̃). The group of
Ĩ-holomorphic deck transformations is thus a subgroup of index at most 2 of π1(M),
showing that after replacing M with some double covering if necessary, there exists an
integrable complex structure I, such that (M, g, I) is a Kähler manifold.

Theorem 4.17 Let (M, g, J, θ) be a compact proper lcK manifold of complex dimension
n ≥ 2 carrying a complex structure I, such that (M, g, I) is a Kähler manifold. Then I
commutes with J and (M, g, J, θ) is globally conformally Kähler.

Proof. The Riemannian curvature tensor of (M, g) satisfies RX,Y = RIX,IY , so in
particular we have RX,Y J = RIX,IY J , for all vector fields X and Y . Using (4.4), this
identity implies that

〈X, θ 〉Y ∧Jθ−〈Y, θ 〉X∧Jθ−〈Y, θ 〉JX∧θ+〈X, θ 〉JY ∧θ−|θ|2Y ∧JX+|θ|2X∧JY
+ Y ∧ J∇Xθ + JY ∧∇Xθ −X ∧ J∇Y θ − JX ∧∇Y θ

= 〈 IX, θ 〉IY ∧ Jθ − 〈 IY, θ 〉IX ∧ Jθ − 〈 IY, θ 〉JIX ∧ θ + 〈 IX, θ 〉JIY ∧ θ
−|θ|2IY ∧JIX+|θ|2IX∧JIY +IY ∧J∇IXθ+JIY ∧∇IXθ−IX∧J∇IY θ−JIX∧∇IY θ,
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for all vector fields X,Y . Let {ei}i=1,...,2n be a local orthonormal basis of TM , which is
parallel at the point where the computation is done. Taking the interior product with
X in the above identity and summing over X = ei, we obtain

(4− 2n)〈Y, θ 〉Jθ + 〈 JY, θ 〉θ + (2n− 4)|θ|2JY + (4− 2n)J∇Y θ +∇JY θ + δθJY

= 〈 IY, θ 〉IJθ − 〈 IJθ, θ 〉IY − 〈 IY, θ 〉tr(JI)θ + 〈 IY, θ 〉JIθ + 〈 θ, IJIY 〉θ
+|θ|2tr(IJ)IY−|θ|2IJIY−〈 ei, J∇Ieiθ 〉IY+IJ∇IY θ+∇IJIY θ−tr(JI)∇IY θ+JI∇IY θ.

(4.39)

Substituting Y = ej in (4.39), taking the scalar product with Jej and summing over
j = 1, . . . , 2n yields:

(4n2 − 10n+ 6)|θ|2 + (4n− 6)δθ = −2tr(IJ)〈 Iθ, Jθ 〉 − 2〈 IJθ, JIθ 〉 − (tr(IJ))2|θ|2

+ tr(IJIJ)|θ|2 + 2tr(IJ)

2n∑
i=1

〈 IJ∇eiθ, ei 〉 − 2

2n∑
i=1

〈 IJIJ∇eiθ, ei 〉. (4.40)

By a straightforward computation, using (4.1) and the fact that ∇θ is a symmetric
endomorphism, we have the following identities:

tr(IJ)

2n∑
i=1

〈 ei, IJ∇eiθ 〉 = −δ(tr(IJ)JIθ)+(2n−2)tr(IJ)〈 Iθ, Jθ 〉−2〈 IJθ, JIθ 〉+2|θ|2,

2n∑
i=1

〈 ei, IJIJ∇eiθ 〉 = −δ(JIJIθ)− (2n− 3)〈 IJθ, JIθ 〉+ tr(IJ)〈 Iθ, Jθ 〉+ |θ|2.

Substituting these in (4.40), we obtain

(4n2 − 10n+ 4)|θ|2 − (4n− 8)tr(IJ)〈 Iθ, Jθ 〉 − (4n− 12)〈 IJθ, JIθ 〉
− tr(IJIJ)|θ|2 + (tr(IJ))2|θ|2 = −(4n− 6)δθ − 2δ(tr(IJ)JIθ) + 2δ(JIJIθ). (4.41)

In order to exploit this formula we need to distinguish two cases.
Case 1: If n = 2, (4.41) becomes:

4〈 IJθ, JIθ 〉 − tr(IJIJ)|θ|2 + (tr(IJ))2|θ|2 = −2δ(θ + tr(IJ)JIθ − JIJIθ). (4.42)

We claim that I and J define opposite orientations on TM . Assume for a contradic-
tion that they define the same orientation, and recall that complex structures compatible
with the orientation on an oriented 4-dimensional Euclidean vector space may be iden-
tified with imaginary quaternions of norm 1 acting on H by left multiplication. For
any q, v ∈ H, we have: 〈 qv, v 〉 = 1

4tr(q)|v|2, where tr(q) denotes the trace of q acting
by left multiplication on H. For every x ∈ M we can identify TxM with H and view
I, J as unit quaternions acting by left multiplication. The previous relation gives the
following pointwise equality: 4〈 IJIJθ, θ 〉 = tr(IJIJ)|θ|2. Substituting in (4.42) and
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integrating over M , implies that tr(IJ) = 0, so I and J anti-commute. Equation (4.42)
then further implies that δθ = 0. Replacing these two last equalities in (4.39) yields∑2n

i=1〈 ei, J∇Ieiθ 〉IY − |θ|2JY = 0. Since ∇θ is symmetric and IJ is skew-symmetric,
the first term vanishes, showing that θ ≡ 0. This contradicts the assumption that the
lcK structure (g, J, θ) is proper. Hence, I and J define opposite orientations and thus
they commute.

Since (M, g, I) is a compact Kähler manifold, it follows that its first Betti number
is even. N. Buchdahl [7] and A. Lamari [15] proved that each compact complex surface
with even first Betti number carries a Kähler metric. On the other hand, I. Vaisman
proved that if a complex manifold (M,J) admits a J-compatible Kähler metric, then
every lcK metric on (M,J) is gcK [23, Theorem 2.1]. This shows that θ is exact.

Case 2. We assume from now on that n ≥ 3. The integral over the compact manifold
M of the left hand side of (4.41) is zero, since the right hand side is the co-differential
of a 1-form. On the other hand, the following inequalities hold:

− (4n− 8)tr(IJ)〈 Iθ, Jθ 〉 ≥ −(4n− 8)|tr(IJ)||θ|2 ≥ −
(
(tr(IJ))2 + (2n− 4)2

)
|θ|2,
(4.43)

with equality if and only if Iθ = ±Jθ and tr(IJ) = ±(2n− 4),

− (4n− 12)〈 IJθ, JIθ 〉 ≥ −(4n− 12)|θ|2, (4.44)

(it is here that the assumption n ≥ 3 is needed), and

− tr(IJIJ) ≥ −2n, (4.45)

with equality if and only if (IJ)2 = Id, which is equivalent to IJ = JI. Summing up
the inequalities (4.43)–(4.45) shows that the left hand side of (4.41) is non-negative,
hence it vanishes. Consequently, equality holds in (4.43)–(4.45), so I and J commute
and (after replacing I with −I if necessary) Iθ = Jθ and tr(IJ) = 2(n − 2). It follows
that the orthogonal involution IJ has two eigenvalues: 1 with multiplicity 2(n− 1) and
−1 with multiplicity 2. Let M ′ denote the set of points where θ is not zero. At each
point of M ′, since the vectors θ and Iθ are eigenvectors of IJ for the eigenvalue −1, it
follows that IJX = X, for every X orthogonal on θ and Jθ, which can also be written
as

JX = −IX +
2

|θ2|
(〈X, θ 〉Iθ − 〈X, Iθ 〉θ) , ∀X ∈ TM ′. (4.46)

We thus have ΩJ = −ΩI + 2
|θ2|θ ∧ Iθ on M ′. In particular, we have

θ ∧ ΩJ = −θ ∧ ΩI , (4.47)

at every point of M (as this relation holds tautologically on M \M ′, where by definition
θ = 0). From (4.2) and (4.47) we get

dΩJ = 2θ ∧ ΩJ = −2θ ∧ ΩI = −2L(θ), (4.48)

where L : Λ∗M → Λ∗M , L(α) := ΩI ∧α is the Lefschetz operator defined on the Kähler
manifold (M, g, I).
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Using the Hodge decomposition on M , we decompose the closed 1-form θ as θ =
θH + dϕ, where θH is the harmonic part of θ and ϕ is a smooth real-valued function on
M . From (4.48) and the fact that L commutes with the exterior differential, we obtain

L(θH) = −d

(
1

2
ΩJ + Lϕ

)
. (4.49)

Moreover, since L commutes on any Kähler manifold with the Laplace operator (see e.g.
[18]), the left-hand side of (4.49) is a harmonic form and the right-hand side is exact.
This implies that LθH vanishes, so θH = 0 since L is injective on 1-forms for n ≥ 2.
Thus θ = dϕ is exact, so (M, g, J, θ) is globally conformally Kähler.

Example 4.18 As in Example 4.7, we consider on M := Cn \ {0} the standard flat
structure (g0, J0). Let J be a constant complex structure on M , compatible with g0

and which does not commute with J0. Then, (M, g := r−4g0, J) is gcK and (M, g, I) is
Kähler, where I is the pull-back of J0 through the inversion, but J and I do not commute.
This example shows that the compactness assumption in Theorem 4.17 is necessary.

6 Conformal classes with non-homothetic Kähler metrics

As an application of Theorem 4.17, we will describe in this section all compact conformal
manifolds (M2n, c) with n ≥ 2, such that the conformal class c contains two non-
homothetic Kähler metrics.

We start by constructing a class of examples, which will be referred to as the Calabi
Ansatz.

Example 4.19 (Calabi Ansatz) Let (N,h, JN ,ΩN ) be a Hodge manifold, i.e. a com-
pact Kähler manifold with [ΩN ] ∈ H2(N, 2πZ). Let π : S → N be the principal S1-bundle
with the connection (given by Chern-Weil theory) whose curvature form is the pull-back
to S of iΩN . For any positive real number `, let h` be the unique Riemannian metric on
S such that π is a Riemannian submersion with fibers of length 2π`. Then for every b > 0
and smooth function ` : (0, b)→ R>0, the metric g` := h`(r) + dr2 on M ′ := S × (0, b) is
globally conformally Kähler with respect to two distinct complex structures. Moreover,
if `2(r) = r2(1 +A(r2)) near r = 0 and `2(r) = (b− r)2(1 +B((b− r)2)) near r = b, for
smooth functions A,B defined near 0 with A(0) = B(0) = 0, then g` extends smoothly to
a Riemannian metric g0 on the metric completion M of (M ′, g`), which is an S2-bundle
over N .

Proposition 4.20 Let (N,h, JN ,ΩN ) be a Hodge manifold, b ∈ R>0 and ` : (0, b) →
R>0 a smooth function satisfying the boundary conditions as above. Then, the metric g0

constructed in Example 4.19 on the total space M of the S2-bundle over N is globally
conformally Kähler with respect to two distinct complex structures on M .

Proof. Let iω ∈ Ω1(S, iR) denote the connection form on S satisfying

dω = π∗(ΩN ). (4.50)
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The metric h` is defined by
h` := π∗h+ `2ω ⊗ ω.

Let ξ denote the vector field on S induced by the S1-action. By definition ξ verifies
π∗ξ = 0 and ω(ξ) = 1. Let X∗ denote the horizontal lift of a vector field X on N
(defined by ω(X∗) = 0 and π∗(X

∗) = X). By the equivariance of the connection we
have [ξ,X∗] = 0 for every vector field X, and from (4.50) we readily obtain [X∗, Y ∗] =
[X,Y ]∗ − ΩN (X,Y )ξ. The Koszul formula immediately gives the covariant derivative
∇` of the metric g` := h`(r) + dr2 on M ′ := S × (0, b):

∇`ξ∂r = ∇`∂rξ =
`′

`
ξ,

∇`ξξ = −``′∂r,
∇`∂r∂r = ∇`X∗∂r = ∇`∂rX

∗ = 0,

∇`X∗ξ = ∇`ξX∗ =
`2

2
(JNX)∗,

∇`X∗Y ∗ = (∇hXY )∗ − 1

2
ΩN (X,Y )ξ.

We now define for ε = ±1 the Hermitian structures Jε on (M ′, g`) by

Jε(X
∗) := ε(JNX)∗, Jε(ξ) := `∂r, Jε(∂r) := −`−1ξ.

A straightforward calculation using the previous formulas yields ∇`UJε = Z ∧ Jεθε +
JεZ ∧ θε for every vector field Z on M , where θε := 1

2ε`dr. Thus (g`, Jε) are globally
conformally Kähler structures on M ′ with Lee forms

θε = εdϕ, where ϕ(r) :=
1

2

∫ r

0
`(t)dt.

The last statement follows immediately from a coordinate change (from polar to
Euclidean coordinates) in the fibers S1× (0, b) of the Riemannian submersion M ′ → N .
Indeed, in a neighbourhood of r = 0, with Euclidean coodinates x1 := r cos t and
x2 := r sin t, we have: (

∂r
1
r ξ

)
=

(
cos t sin t
− sin t cos t

)(
∂1

∂2

)
,

where ξ = ∂t. In these coordinates, we have the following formulas for the complex
structures and the metric:

Jε(∂1) =
`

r

(
−A(r2)

`2
x1x2∂1 −

(
A(r2)

`2
x2

1 + 1

)
∂2

)
,

Jε(∂2) =
`

r

(
A(r2)

`2
x1x2∂2 +

(
1− A(r2)

`2
x2

2

)
∂1

)
,

g = π∗h+

(
1 +

A(r2)

r2
x2

2

)
dx2

1 +

(
1 +

A(r2)

r2
x2

1

)
dx2

2 − 2
A(r2)

r2
x1x2dx1dx2.
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From the assumption on A, the functions `
r and A(r2)

`2
extend smoothly at r = 0, there-

fore, the complex structures J−, J+ and the metric g extend smoothly at r = 0. The
same argument applies to the other extremal point r = b. Hence, the metric g` on M ′

extends to a smooth metric g0 on M , and there exist two distinct Kähler structures on
M in the conformal class [g0], whose restrictions to M ′ are equal to (g+ := eϕg`, J+)
and (g− := e−ϕg`, J−) respectively.

Conversely, we have the following:

Proposition 4.21 Let (M, g0, I) be a compact globally conformally Kähler manifold
with non-trivial Lee form θ0 = dϕ0. We assume that on M ′, the set where θ0 is not
vanishing, its derivative has the following form:

∇0
Xθ0 = f(θ0(X)θ0 + Iθ0(X)Iθ0), ∀X ∈ TM ′, (4.51)

where f ∈ C∞(M ′) and ∇0 is the Levi-Civita connection of g0. We further assume that
there exists a distribution V on M , which on M ′ is spanned by ξ and Iξ, where ξ is the
metric dual of Iθ0 with respect to g0. Then (M, g0, I) is obtained from the Calabi Ansatz
described in Example 4.19.

Proof. We first notice that M ′ 6= M . Indeed, θ0 vanishes at the extrema of the
function ϕ0 defined on the compact manifold M .

From (4.51) and (4.1) we deduce the following formulas on M ′:

∇0
X(Iξ) = −f(〈X, Iξ 〉Iξ + 〈X, ξ 〉ξ), ∀X ∈ TM ′, (4.52)

∇0
Xξ = (1 + f)(〈X, ξ 〉Iξ − 〈X, Iξ 〉ξ)− |ξ|2IX, ∀X ∈ TM ′, (4.53)

which imply that the distribution V is totally geodesic.
Equation (4.53) also shows that ∇0ξ is a skew-symmetric endomorphism, hence ξ is

a Killing vector field with respect to the metric g0. We denote by N one of the connected
components of the zero set of the Killing vector field ξ, which is then a compact totally
geodesic submanifold of M . Since d(Iθ0) has rank 2 along N , it follows that N has
co-dimension 2.

Let Φs denote the 1-parameter group of isometries of (M, g0) induced by ξ and let us
fix some p ∈ N . For every s ∈ R, the differential of Φs at p is an isometry of TpM which
fixes TpN , so it is determined by a rotation of angle k(s) in Vp. From Φs ◦ Φs′ = Φs+s′

we obtain k(s) = ks, for some k ∈ R∗. For s0 = 2π/k, the isometry Φs0 fixes p and its
differential at p is the identity. We obtain that Φs0 = IdM , so ξ has closed orbits. Note
that any p ∈ N is a fixed point of Φs, for all s ∈ R, and for s = s0

2 , Φ s0
2

is an orientation

preserving isometry whose differential at p squares to the identity, and is the identity
on TpN = V⊥p . Hence, (dΦ s0

2
)p|Vp is either plus or minus the identity of Vp. The first

possibility would contradict the definition of s0, so we have

(dΦ s0
2

)p|Vp = −IdVp . (4.54)

Let γ be a geodesic of (M, g0) starting from p, such that V := γ̇(0) ∈ Vp and
|γ̇(0)| = 1. Since V is totally geodesic, γ̇(t) ∈ V for all t. The derivative of the function



98 CHAPTER 4. THE HOLONOMY OF LCK METRICS

g0(ξ, γ̇) along γ equals g0(∇0
γ̇ξ, γ̇) = 0 and the function clearly vanishes at t = 0, so

g(ξ, γ̇) ≡ 0 along γ. We thus have

Iξγ(t) = cp,V (t)γ̇(t), (4.55)

for some function cp,V : R → R. Clearly c2
p,V (t) = |ξγ(t)|2, so cp,V is smooth at all

points t with γ(t) ∈ M ′. By (4.52)–(4.53) we easily check that [ξ, Iξ] = 0. Hence, each
isometry Φs preserves Iξ. Moreover, Φs(γ(t)) is the geodesic starting at p with tangent
vector (Φs)∗(γ̇(0)). We thus see that the function cp := cp,V does not depend on the
unit vector V in Vp defining γ.

We claim that in fact, for all p, q ∈ N , cp(t) = cq(t), for all t. In other words, the
norm of ξγ(t) only depends on t and not on the initial data of γ starting in N . For a fixed
t ∈ R, we consider the map F : SN →M , F (V ) := exp(tV ), where SN denotes the unit
normal bundle of N . By the Gauss’ Lemma, we know that dFV (TV SN) ⊂ (γ̇p,V (t))⊥,
where γp,V denotes the geodesic starting at p with unit speed vector V . Since ξ is a
Killing vector field, the function g0(γ̇p,V , ξ) is constant along γp,V and thus identically
zero, because ξ vanishes on N . As γ̇p,V ∈ V, it follows that γ̇p,V is proportional to Iξ,
which is the metric dual of −θ0. On the other hand, we know that d|θ0|2 = 2f |θ0|2θ0.
Therefore, d|θ0|2 vanishes on dFV (TV SN), showing that the norm of ξγ(t) does not
depend on the starting point either. Hence, we further denote the function cp = cp,V
simply by c : R→ R.

Differentiating the relation γp,V (t) = γp,−V (−t) which holds for all geodesics and for
all t, yields γ̇p,V (t) = −γ̇p,−V (−t). Therefore, from (4.55) we conclude that c(−t) =
−c(t), for all t. Moreover, c(t) is non-vanishing for |t| 6= 0 and sufficiently small. By
changing the orientation of M if necessary, we thus can assume that c is negative on
some interval (0, ε) and positive on (−ε, 0). Since (ϕ0(γ(t)))′ = θ0(γ̇(t)) = −c(t), we
conclude that N is a connected component of the level set of a local maximum of ϕ0.

By compactness of N , the exponential map defined on the normal bundle of N is
surjective, so its image contains points where ϕ0 attains its absolute minimum. At such
a point, the vector field ξ vanishes, so (4.55) shows that t0 := inf{t > 0 | c(t) = 0}
is well-defined and positive. Let N ′ be a connected component of the inverse image
through ϕ0 of ϕ0(expp(t0V )), for some p ∈ N and some unit vector V in Vp. The above
argument, applied to N ′ instead of N , shows that N ′ is a connected component of the
level set of a local minimum of ϕ0. It also shows that expq(t0W ) ∈ N ′ for any q ∈ N
and any unit vector W ∈ Vq. From (4.54) it follows that γ̇p,−V (t0) = −γ̇p,V (t0), for any
p ∈ N and any unit vector V ∈ Vp. In other words, if a geodesic starting at a point
p of N with unit speed vector V ∈ Vp arrives after time t0 in a point p′ ∈ N ′ with
speed vector V ′ ∈ Vp′ , then the geodesic starting at p with speed vector −V arrives
after time t0 in p′ with speed vector −V ′, showing that these two geodesics close up to
one geodesic. Hence, M equals the image through the exponential map of the compact
subset of the normal bundle of N consisting of vectors of norm ≤ t0, thus showing that
M \M ′ = N ∪N ′.
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Figure 4.1: Visualization of the vector fields ξ and ζ

Consequently, the function ϕ0 attains its maximum on N and its minimum on N ′

and has no other critical point. Let S be some level set corresponding to a regular value
of ϕ0. Consider the unit vector field ζ := Iξ

|Iξ| on M ′. See Figure 4.1 for a visualization
of the vector fields ξ and ζ and of the level sets of ϕ0.

From (4.52) we readily compute

∇0
Xζ = − f

|ξ|
〈X, ξ 〉ξ. (4.56)

In particular, we have ∇0
ζζ = 0. So, if Ψ denotes the (local) flow of ζ, the curve

t 7→ Ψt(x) is a geodesic for every x ∈M ′, that is, Ψt(x) = expx(tζ). Note that by (4.56),
we have dζ[ = 0 so the Cartan formula implies Lζζ[ = d(ζyζ[) + ζydζ[ = 0, which can
also be written as

(Lζg0)(ζ,X) = 0, ∀X ∈ TM ′. (4.57)

We claim that for fixed t, ϕ0(Ψt(x)) does not depend on x ∈ S. To see this, let
X ∈ TxS. By definition dϕ0(X) = 0, whence g0(X, ζ) = 0. We need to show that
dϕ0((Ψt)∗(X)) = 0. This is equivalent to 0 = g0(ζ, (Ψt)∗(X)) = (Ψ∗t g0)(ζ,X), which
clearly holds at t = 0. Moreover, from (4.57) we see that the derivative of the function
(Ψ∗t g0)(ζ,X) vanishes:

d

dt
((Ψ∗t g0)(ζ,X)) = (Ψ∗tLζg0)(ζ,X) = (Lζg0)(ζ, (Ψt)∗(X)) = 0.

This shows that for every x ∈ S, expx(tζ) belongs to the same level set of ϕ0. Take
the smallest t1 > 0 such that π(x) := expx(t1ζ) ∈ N for every x ∈ S.
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Claim. The map π is a Riemannian submersion from (S, g0|S) to (N, g0|N ) with totally
geodesic fibers tangent to ξ.
Proof of the Claim. First, the Killing vector field ξ commutes with ζ, so (Ψt)∗ξ = ξ
for all t < t1. Making t tend to t1 implies π∗(ξx) = ξπ(x) = 0 for every x ∈ S, since
π(x) ∈ N . Thus Iζ is tangent to the fibers of π. From (4.53) we get ∇IζIζ = f |ξ|ζ, so
Iζ is a geodesic vector field on S.

Take now any tangent vector X ∈ TxS orthogonal to Iζ and denote by Xt :=
(Ψt)∗(X), which makes sense for all t < t1. By construction we have π∗(X) = lim

t→t1
Xt.

Since 0 = [ζ,Xt] = ∇0
ζXt −∇0

Xt
ζ, we get by (4.56)

ζ(〈Xt, Iζ 〉) = 〈∇0
ζXt, Iζ 〉+ 〈Xt, ∇0

ζIζ 〉 = 〈∇0
Xt
ζ, Iζ 〉 = −f |ξ|〈Xt, Iζ 〉.

The function 〈Xt, Iζ 〉 vanishes at t = 0 and satisfies a first order linear ODE along the
geodesic γ(t) := expx(tζ), so it vanishes identically. Thus, Xt is orthogonal to Iζ for all
t < t1. Moreover, the vector field Xt along γ has constant norm:

ζ(|Xt|2) = 2〈∇0
ζXt, Xt 〉 = 2〈∇0

Xt
ζ, Xt 〉

(4.56)
= −2f

|ξ|
〈Xt, ξ 〉 = 0. (4.58)

This shows that |π∗(X)|2 = |X|2, thus proving the claim.
Let us now consider the smallest t2 > 0 such that π(x) := expx(−t2ζ) ∈ N ′ for every

x ∈ S and let b := t1+t2. The flow of the geodesic vector field ζ defines a diffeomorphism
between (0, b)×S and M ′, which maps (r, x) onto expx((r− t2)ζ). With respect to this
diffeomorphism, the vector field ζ is equal to ζ = ∂r, the metric reads g0 = dr2 + kr,
where kr is a family of Riemannian metrics on S and the function |θ0| only depends on
r, say |θ0| = α(r). It follows that θ0 = αdr and since dϕ0 = θ0, we see that ϕ0 = ϕ0(r)
and

ϕ′0 = α. (4.59)

The previous claim actually shows that for every r ∈ (0, b),

kr = π∗(h) + τr ⊗ τr,

where τr := Iζ[ and h := g0|N . From (4.56) we readily obtain

τ̇r = Lζ(Iζb) = −fαIζb = −fατr.

This shows that τr = `(r)ω with `(r) := e−
∫ r
0 f(t)α(t)dt, where ω denotes the connection

1-form on the S1-bundle S → N induced by the Riemannian submersion π. Finally, the
metric on M ′ reads g0 = dr2 + π∗(h) + `2ω ⊗ ω, showing that g0 has the form of the
metric described in Example 4.19.

6.1 Proof of Theorem 4.2

We can now finish the classification of compact manifolds carrying two conformally
related non-homothetic Kähler metrics. Assume that (g+, J+) and (g−, J−) are Kähler
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structures on a compact manifold M of real dimension 2n ≥ 4 with g+ = e2ϕg− for some
non-constant function ϕ. Note that J+ is not conjugate to J−. Indeed, if J+ were equal
to ±J−, then Ω+ = ±e2ϕΩ−, so 0 = dΩ+ = ±2e2ϕdϕ ∧ Ω− would imply dϕ = 0, so ϕ
would be constant.

In order to use the results from Section 5, we make the following notation:

g := g+, I := J+, J := J−, ΩI := Ω+ = g(J+·, ·), ΩJ := g(J ·, ·) = e2ϕΩ−.

Then (M, g, I) is Kähler, and (M, g, J) is lcK (in fact globally conformally Kähler), with
Lee form θ := dϕ. This last statement follows from (4.2), since dΩJ = 2e2ϕdϕ ∧ Ω− =
2dϕ ∧ ΩJ .

The first part of Theorem 4.17 shows that I and J commute, which proves the
statment of Theorem 4.2 for n = 2. For n ≥ 3, the proof of the Theorem 4.17 shows
moreover, that after replacing I by −I if necessary, one has Iθ = Jθ and tr(IJ) =
2(n− 2).

Let us now consider the 2-form σ := 1
2ΩI+ 1

2ΩJ , corresponding to the endomorphism
I + J of TM via the metric g. By (4.46), on M ′ we have

σ =
1

|θ|2
θ ∧ Iθ. (4.60)

Since I is ∇-parallel (where ∇ is the Levi-Civita connection of g), we obtain by (4.1)
that ∇Xσ = 1

2(X ∧ Jθ + JX ∧ θ). Substituting J = 2σ − I, and using the fact that
σ(θ) = Iθ we obtain the following formula for the covariant derivative of σ:

∇Xσ =
1

2
∇XJ =

1

2
(X ∧ Jθ + JX ∧ θ)

=
1

2
(X ∧ (2σ − I)θ + (2σ − I)X ∧ θ)

=
1

2
(X ∧ Iθ − IX ∧ θ) + σ(X) ∧ θ.

Since by (4.60) θ∧σ = 0, we get 0 = Xy(θ∧σ) = 〈X, θ 〉σ−θ∧σ(X) for every X ∈ TM .
The previous computation thus yields

∇Xσ =
1

2
(X ∧ Iθ − IX ∧ θ)− 〈X, θ 〉σ, ∀X ∈ TM. (4.61)

We consider now the 2-form σ̃ := eϕσ, whose covariant differential is computed by (4.61)
as follows:

∇X σ̃ =
eϕ

2
(X ∧ Iθ − IX ∧ θ), ∀X ∈ TM.

Equivalently, this equation can be written as

∇X σ̃ =
1

2
(d(tr σ̃) ∧ IX − dc(tr σ̃) ∧X), ∀X ∈ TM, (4.62)

where tr σ̃ := 〈 σ̃, ΩI 〉 = eϕ is the trace with respect to the Kähler form ΩI and dc

denotes the twisted exterior differential defined by dcα :=
∑

i Iei ∧ ∇eiα, for any form
α.
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A real (1, 1)-form on a Kähler manifold (M, g, I,ΩI) satisfying (4.62) is called a
Hamiltonian 2-form (see [1]). Compact Kähler manifolds carrying such forms are com-
pletely described in [3, Theorem 5]. In the case where the form is decomposable, these
are exactly as in Example 4.19.

However, the statement and the proof of [3, Theorem 5] are rather involved, and it
is not completely clear that the construction described in the conclusion of [3, Theorem
5] is equivalent to the one from Example 4.19. We will thus provide here a more direct
proof in our particular case.

All we need is to show that the globally conformally Kähler structure on M deter-
mined by g0 := eϕg− = e−ϕg+ and J := J− satisfies the hypotheses of Proposition 4.21.
We start with the following:

Lemma 4.22 On the open set M ′ where θ is not vanishing, the covariant derivative of
θ with respect to g is given by

∇Xθ =
1

2
|θ|2X − 1

2

(
δθ

|θ|2
+ n+ 1

)
〈X, θ 〉θ − 1

2

(
δθ

|θ|2
+ n− 1

)
〈X, Iθ 〉Iθ. (4.63)

Proof. Using the fact that I and J commute and tr(IJ) = 2(n− 2), (4.40) simplifies
to

2n∑
i=1

〈 IJ∇eiθ, ei 〉 = 2(n− 1)|θ|2 + δθ. (4.64)

Substituting this into (4.39), we obtain

2(2− n)〈Y, θ 〉Jθ − 2n〈Y, Jθ 〉θ + (2n− 5)|θ|2JY + |θ|2IY + δθ(JY + IY )

+ 2(2− n)J∇Y θ + 2∇JY θ + 2(n− 2)∇IY θ − 2IJ∇IY θ = 0. (4.65)

Differentiating (4.60) on M ′ yields

∇Xσ = −2〈∇Xθ, θ 〉
|θ|4

θ ∧ Iθ +
1

|θ|2
(∇Xθ ∧ Iθ + θ ∧ I∇Xθ). (4.66)

Comparing with (4.61), we obtain

1

2
(X∧Iθ−IX∧θ)−〈X, θ 〉σ = −2〈∇Xθ, θ 〉

|θ|4
θ∧Iθ+

1

|θ|2
(∇Xθ∧Iθ+θ∧I∇Xθ). (4.67)

Taking the interior product with Iθ in the last equality, we get

1

2
〈X, Iθ 〉Iθ − 1

2
|θ|2X +

1

2
〈X, θ 〉θ =

〈∇Xθ, θ 〉
|θ|2

θ +
1

|θ|2
〈∇Xθ, Iθ 〉Iθ −∇Xθ. (4.68)

We deduce that the following equality holds:

∇Xθ =
1

2
|θ|2X + α(X)θ + β(X)Iθ, (4.69)
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where α and β are the following 1-forms:

α =
1

2

(
d(|θ|2)

|θ|2
− θ
)
, β =

1

|θ|2
∇Iθθ −

1

2
Iθ. (4.70)

Since θ is closed, (4.69) yields

0 = α ∧ θ + β ∧ Iθ.

Therefore, there exist a, b, c ∈ C∞(M ′), such that

α = aθ + bIθ and β = bθ + cIθ.

Moreover, (4.70) shows that α is closed, so da ∧ θ + db ∧ Iθ + bd(Iθ) = 0. On the other
hand, by (4.69), we have d(Iθ) = |θ|2ΩI +α∧ Iθ−β∧ θ = |θ|2ΩI + (a+ c)θ∧ Iθ. Hence,

da ∧ θ + db ∧ Iθ + b|θ|2ΩI + b(a+ c)θ ∧ Iθ = 0.

Applying the last equality to X and IX, for a non-zero vector field X orthogonal to θ
and Iθ yields b = 0. By (4.69) again we have

− δθ =
2n∑
i=1

〈 ei, ∇eiθ 〉 = (n+ a+ c)|θ|2. (4.71)

Substituting Y by θ in (4.65) and using (4.69), we obtain(
δθ + (1 + (2− n)a+ nc)|θ|2

)
Iθ = 0. (4.72)

From (4.71) and (4.72), it follows that

a = −1

2

(
δθ

|θ|2
+ n+ 1

)
and c = −1

2

(
δθ

|θ|2
+ n− 1

)
.

This proves the lemma.
We write (4.63) as

∇Xθ =
1

2
g(θ, θ)X[ +

1

2
(f − 2)θ(X)θ +

1

2
fIθ(X)Iθ, (4.73)

where f := −
(
δθ
|θ|2 + n− 1

)
. Note that we no longer identify vectors and 1-forms in

this relation, since we will now perform a conformal change of the metric.
Namely, we consider the ”average metric” g0 := eϕg− = e−ϕg+ and denote by ∇0 its

Levi-Civita covariant derivative, by θ0 the Lee form of J := J− with respect to g0 and by
Ω0 := g0(J ·, ·). Since dΩ0 = d(eϕΩ−) = eϕdϕ ∧ Ω− = dϕ ∧ Ω0, we get θ0 = 1

2dϕ = 1
2θ.

From (4.73) we immediately get

∇Xθ0 = g(θ0, θ0)X[ + (f − 2)θ0(X)θ0 + fIθ0(X)Iθ0. (4.74)
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The classical formula relating the covariant derivatives of g and g0 on 1-forms reads

∇0
Xη = ∇Xη − g(θ0, η)X[ + η(X)θ0 + θ0(X)η, ∀X ∈ TM, ∀η ∈ Ω1(M),

where [ is the index lowering with respect to g. For η = θ0, (4.74) becomes exactly
(4.51).

From the proof of Theorem 4.17 it is clear that the distribution V := ker(I − J) is
spanned along M ′ by ξ and Iξ, where ξ denotes the vector field on M corresponding to
Iθ0 via the metric g0. This shows that the hypotheses of Proposition 4.21 are verified,
thus concluding the proof of Theorem 4.2.

6.2 Proof of Theorem 4.3

Using the above results, we can now complete the classification of compact proper lcK
manifolds (M2n, g, J, θ) with non-generic holonomy, by reviewing the possible cases in
the Berger-Simons holonomy theorem.

First, by Proposition 4.16, there exist no compact irreducible locally symmetric
proper lcK manifolds.

In Section 4.3, we showed that if the restricted holonomy of (M, g) is in the Berger
list, then necessarily Hol0(M, g) = U(n). After passing to a double covering if neccesary,
there exists a complex structure I, such that (M, g, I) is Kähler. By Theorem 4.17, I
and J commute and (M, g, J, θ) is gcK. In other words, there exist in the conformal
class of g two non-homothetic Kähler metrics. We conclude then by Theorem 4.2 that
(M, g, J, θ) falls in one of the cases 2.a) or 2.b) in Theorem 4.3.

Finally, if Hol0(M, g) is reducible, then Theorem 4.11 shows that necessarily we have
Hol0(M, g) = SO(2n − 1), and Theorem 4.15 implies that (M2n, g, J, θ) satisfies either
case 1. or case 2.c) in Theorem 4.3.
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Chapter 5

Toric Vaisman Manifolds

Mihaela Pilca

Abstract. Vaisman manifolds are strongly related to Kähler and Sasaki geometry. In this
paper we introduce toric Vaisman structures and show that this relationship still holds in the
toric context. It is known that the so-called minimal covering of a Vaisman manifold is the
Riemannian cone over a Sasaki manifold. We show that if a complete Vaisman manifold is
toric, then the associated Sasaki manifold is also toric. Conversely, a toric complete Sasaki
manifold, whose Kähler cone is equipped with an appropriate compatible action, gives rise to
a toric Vaisman manifold. In the special case of a strongly regular compact Vaisman manifold,
we show that it is toric if and only if the corresponding Kähler quotient is toric.

Keywords. Vaisman manifold, toric manifold, Sasaki structure, twisted Hamiltonian action,
locally conformally Kähler manifold.

1 Introduction

Toric geometry has been studied intensively, as manifolds with many symmetries often
occur in physics and also represent a large source of examples as testing ground for con-
jectures. The classical case of compact symplectic toric manifolds has been completely
classified by T. Delzant [10], who showed that they are in one-to-one correspondence
to the so-called Delzant polytopes, obtained as the image of the momentum map. Af-
terwards, similar classification results have been given in many different geometrical
settings, some of which we briefly mention here. For instance, classification results were
obtained by Y. Karshon and E. Lerman [19] for non-compact symplectic toric manifolds
and by E. Lerman and S. Tolman [21] for symplectic orbifolds. The case when one
additionally considers compatible metrics invariant under the toric action is also well
understood: compact toric Kähler manifolds have been investigated by V. Guillemin
[17], D. Calderbank, L. David and P. Gauduchon [8], M. Abreu [1], and compact toric
Kähler orbifolds in [2]. Other more special structures have been completely classified,
such as orthotoric Kähler, by V. Apostolov, D. Calderbank and P. Gauduchon [4] or
toric hyperkähler, by R. Bielawski and A. Dancer [6]. The odd-dimensional counterpart,
namely the compact contact toric manifolds, are classified by E. Lerman [20], whereas
toric Sasaki manifolds were also studied by M. Abreu [3], [7]. These were used to produce
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examples of compact Sasaki-Einstein manifolds, for instance by D. Martelli, J. Sparks
and S.-T. Yau [22], A. Futaki, H. Ono and G. Wang [12], C. van Coevering [28].

In the present paper, we consider toric geometry in the context of locally conformally
Kähler manifolds. These are defined as complex manifolds admitting a compatible
metric, which, on given charts, is conformal to a local Kähler metric. The differentials of
the logarithms of the conformal factors glue up to a well-defined closed 1-form, called the
Lee form. We are mostly interested in the special class of so-called Vaisman manifolds,
defined by the additional property of having parallel Lee form. By analogy to the other
geometries, we introduce the notion of toric locally conformally Kähler manifold. More
precisely, we require the existence of an effective torus action of dimension half the
dimension of the manifold, which preserves the holomorphic structure and is twisted
Hamiltonian. I. Vaisman [27] introduced twisted Hamiltonian actions and they have
been used for instance by S. Haller and T. Rybicki [18] and by R. Gini, L. Ornea and M.
Parton [15], where reduction results for locally symplectic, respectively locally conformal
Kähler manifolds are given, or more recently by A. Otiman [24].

Vaisman geometry is closely related to both Sasaki and Kähler geometry. In fact,
a locally conformally Kähler manifold may be equivalently defined as a manifold whose
universal covering is Kähler and on which the fundamental group acts by holomorphic
homotheties. For Vaisman manifolds, the universal and the minimal covering are Kähler
cones over Sasaki manifolds, as proven in [25], [16]. On the other hand, in the special
case of strongly regular compact Vaisman manifolds, the quotient by the 2-dimensional
distribution spanned by the Lee and anti-Lee vector fields is a Kähler manifold, cf. [26].

The purpose of this paper is to make a first step towards a possible classification of
toric Vaisman, or more generally, toric locally conformally Kähler manifolds, by showing
that the above mentioned connections between Vaisman and Sasaki, respectively Kähler
manifolds are still true when imposing the toric condition. For the precise statements
of these equivalences, we refer to Theorem 5.26, Theorem 5.28 and Theorem 5.29.

Acknowledgement. I would like to thank P. Gauduchon and A. Moroianu for useful
discussions and L. Ornea for introducing me to locally conformally Kähler geometry.

2 Preliminaries

A locally conformally Kähler manifold (shortly lcK) is a conformal Hermitian manifold
(M2n, [g], J) of complex dimension n ≥ 2, such that for one (and hence for all) metric
g in the conformal class, the corresponding fundamental 2-form ω := g(·, J ·) satisfies:
dω = θ∧ω, with θ a closed 1-form, called the Lee form of the Hermitian structure (g, J).
Equivalently, there exists an atlas on M , such that the restriction of g to any chart is
conformal to a Kähler metric. In fact, the differential of the logarithmic of the conformal
factors are, up to a constant, equal to the Lee form. It turns out to be convenient to
denote also by (M, g, J, θ) an lcK manifold, when fixing one metric g in the conformal
class. By ∇ we denote the Levi-Civita connection of g.

We denote by θ] the vector field dual to θ with respect to the metric g, the so-called
Lee vector field of the lcK structure, and by Jθ] the anti-Lee vector field.
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Remark 5.1 On an lcK manifold (M, g, J, θ), the following formula for the covariant
derivative of J holds:

2∇XJ = X ∧ Jθ] + JX ∧ θ], ∀X ∈ X(M),

or, more explicitly, applied to any vector field Y ∈ X(M):

2(∇XJ)(Y ) = θ(JY )X − θ(Y )JX + g(JX, Y )θ] + g(X,Y )Jθ].

In particular, it follows that ∇θ]J = 0 and ∇Jθ]J = 0.

Remark 5.2 On an lcK manifold (M2n, g, J, θ), a vector field X preserving the fun-
damental 2-form ω, also preserves the Lee form, i.e. LXω = 0 implies LXθ = 0, as
follows. As the differential and the Lie derivative with respect to a vector field commute
to each other, e.g. by the Cartan formula, we obtain:

0 = d(LXω) = LX(dω) = LX(θ ∧ ω) = LXθ ∧ ω + θ ∧ LXω = LXθ ∧ ω.

Since the map form Ω1(M) to Ω3(M) given by wedging with ω is injective, for complex
dimension n ≥ 2, it follows that LXθ = 0.

We now recall the definition of Vaisman manifolds, which were first introduced and
studied by I. Vaisman [25], [26]:

Definition 5.3 A Vaisman manifold is an lcK manifold (M, g, J, θ) admitting a metric
in the conformal class, such that its Lee form is parallel, i.e. ∇θ = 0.

Note that on a compact lcK manifold, a metric with parallel Lee form θ, if it exists,
is unique up to homothety in its conformal class and coincides with the so-called Gaudu-
chon metric, i. e. the metric with co-closed Lee form: δθ = 0. In this paper, we scale
any Vaisman metric g such that the norm of its Lee vector field θ], which is constant
since θ is parallel, equals 1.

Definition 5.4 The automorphism group of a Vaisman manifold (M, g, J, θ) is denoted
by a slight abuse of notation Aut(M) := Aut(M, g, J, θ) and is defined as the group of
conformal biholomorphisms:

Aut(M) = {F ∈ Diff(M) |F ∗J = J, [F ∗g] = [g]}.

We emphasize here that we define the group of automorphisms like for lcK manifolds,
namely we do not ask for the automorphisms of a Vaisman manifold to be isometries of
the Vaisman metric, but only to preserve its conformal class. Hence, the Lie algebra of
Aut(M) is:

aut(M) = {X ∈ X(M) | LXJ = 0,LXg = fg, for some f ∈ C∞(M)}. (5.1)

We denote by isom(M) and hol(M) the Lie algebras of Killing vector fields with respect
to the Vaisman metric g, respectively of holomorphic vector fields.

The following lemma collects some known properties of Vaisman manifolds that are
used in the sequel.
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Lemma 5.5 () On a Vaisman manifold (M,J, g, θ), the Lee vector field θ] and the
anti-Lee vector field Jθ] are both holomorphic Killing vector fields:

Lθ]g = 0, Lθ]J = 0, LJθ]g = 0, LJθ]J = 0,

so that θ], Jθ] ∈ isom(M) ∩ hol(M). In particular, it follows that Lθ]ω = 0, LJθ]ω = 0
and θ] commutes with Jθ]:

[θ], Jθ]] = J [θ], θ]] = 0.

The Lee vector field θ] and the anti-Lee vector field Jθ] span a 1-dimensional complex Lie
subalgebra of isom(M)∩hol(M), which moreover lies in the center of isom(M)∩hol(M).
Thus, these vector fields give rise to the so-called canonical foliation F by 1-dimensional
complex tori on a Vaisman manifold, which is a totally geodesic Riemannian foliation.

Proof.
The following relation holds for any integrable complex structure J : LJXJ = J ◦

LXJ , for all vector fields X. This shows that a vector field X is holomorphic if and
only if JX is holomorphic. In particular, we obtain that Jθ] is a holomorphic vector
field, because θ] is holomorphic. We now show that Jθ] is a Killing vector field. By the
formula in Remark 5.1, we obtain for Y = θ] and X ∈ X(M):

2(∇XJ)(θ]) = −θ(θ])JX + θ(Jθ])X + g(JX, θ])θ] + g(X, θ])Jθ]

= −JX − g(X,Jθ])θ] + g(X, θ])Jθ].
(5.2)

Hence, it follows that ∇Jθ] = (∇J)(θ]) (since θ] is parallel) is skew-symmetric:

2g((∇XJ)(θ]), Y ) = −g(JX, Y )− g(X, Jθ])g(Y, θ]) + g(X, θ])g(Y, Jθ])

= g(JY,X) + g(Y, Jθ])g(X, θ])− g(Y, θ])g(X, Jθ])

= −2g((∇Y J)(θ]), X).

(5.3)

Thus, Jθ] is a Killing vector field of the Vaisman metric g. In particular, it follows:

{θ], Jθ]} ⊂ isom(M) ∩ hol(M).

Let X be a holomorphic Killing vector field. Thus, X also preserves the fundamental
form ω and by Remark 5.2 it holds: LXθ = 0. Furthermore, the following general
equality (LXg)(·, θ]) = LXθ − g(·,LXθ]) shows that

[X, θ]] = LXθ] = 0.

Since X is holomorphic, it also follows that

[X,Jθ]] = J [X, θ]] = 0.

Thus, {θ], Jθ]} is a subset of the center of isom(M) ∩ hol(M).
Recall that the cone over a Riemannian manifold (W, gW ) is defined as C(W ) :=

R×W with the metric gcone := 4e−2t(dt2 + p∗gW ), where t is the parameter on R and
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p : R ×W → W is the projection on W . We denote the radial flow on the cone by ϕ,
i.e. ϕs : C(W )→ C(W ), ϕs(t, w) := (t+ s, w), for each s ∈ R. Note that this definition
is equivalent, up to a constant factor1, to the more common definition in the literature,
namely (R+ ×W,dr2 + r2p∗gW ) via the change of variable r := e−t.

We have the following result:

Proposition 5.6 For any complete Riemannian manifold (W, gW ), each homothety of
the Riemannian cone (C(W ) = R × W, 4e−2t(dt2 + p∗gW )) is of the form (t, w) 7→
(t + ρ, ψ(w)), where e−2ρ is the dilatation factor and ψ is an isometry of (W, gW ). In
particular, all the isometries of the cone C(W ) come from isometries of W .

Proposition 5.6 is proved in [16] for the compact case, i.e. when (W, gW ) is a compact
Riemannian manifold. In [5], F. Belgun and A. Moroianu extended this result to the
larger class of so-called cone-like manifolds. For the complete case, Proposition 5.6 can
be proven as follows, after making, for convenience, the coordinate change r = 2e−t. It
is known that the metric completion of the cone (R+×W,dr2+r2p∗gW ) is a metric space
obtained by adding a single point. It can further be showed that the incomplete geodesics
of the cone are exactly its rays, r 7→ (r, w), for any fixed w ∈ W . Since the image of
an incomplete geodesic through any isometry is again an incomplete geodesic, it follows
that each isometry ϕ of the cone preserves the radial vector field, i.e. ϕ∗

(
∂
∂r

)
= ∂

∂r .
For any vector field X tangent to W , ϕ∗(X) is also tangent to W , since it is orthogonal
to ϕ∗

(
∂
∂r

)
and ϕ∗

(
∂
∂r

)
= ∂

∂r . Altogether, this implies that ϕ has the following form:
(r, w) 7→ (r, ψ(w)), with ψ an isometry of W . The statement for the homotheties then
also follows, by composing for instance any isometry with the following homothety of
the cone: (r, w) 7→ (e−ρr, w), for some ρ ∈ R.

Definition 5.7 A Sasaki structure on a Riemannian manifold (W, gW ) is a complex
structure J on its cone C(W ), such that (gcone, J) is Kähler and for all λ ∈ R, the
homotheties ρλ : C(W )→ C(W ), ρλ(t, w) := (t+ λ,w) are holomorphic.

There are many equivalent definitions of a Sasaki structure, see e.g. the monography
[7]. In particular, a Sasaki manifold W 2n+1 is endowed with a metric gW and a contact
1-form η (i.e. η∧(dη)n 6= 0), whose Reeb vector field ξ, which is defined by the equations
η(ξ) = 1 and ιξdη = 0, is Killing. The restriction of the endomorphism Φ := ∇gW ξ to
the contact distribution ker(η) defines an integrable CR-structure. When needed, we
may write a Sasaki structure by denoting all these data, as (W, gW , ξ, η,Φ). We recall
also that an automorphism of a Sasaki manifold is an isometry which preserves the Reeb
vector field (see e.g. [7, Lemma 8.1.15]).

Definition 5.8 A toric Sasaki manifold is a Sasaki manifold (W 2m+1, gW , ξ) endowed
with an effective action of the torus Tm+1, which preserves the Sasaki structure and such
that ξ is an element of the Lie algebra tm+1 of the torus. Equivalently, a toric Sasaki
manifold is a Sasaki manifold whose Kähler cone is a toric Kähler manifold.

1We choose to multiply the metric by the constant factor 4, so that later on a Vaisman manifold
obtained as a quotient of a cone, the Vaisman metric has the property that its Lee vector field is of
length 1 (see Section 5).
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Thus, toric Sasaki manifolds are in particular contact toric manifolds of Reeb type.
E. Lerman classified compact connected contact toric manifolds, see [20, Theorem 2.18].

One way to construct Vaisman manifolds, cf. R. Gini, L. Ornea, M. Parton, [15,
Proposition 7.3], is the following:

Proposition 5.9 Let W be a Sasaki manifold and Γ be a group of biholomorphic ho-
motheties of the Kähler cone C(W ), acting freely and properly discontinuously on C(W ),
such that Γ commutes with the radial flow generated by ∂

∂t . Then M := C(W )/Γ has a
naturally induced Vaisman structure.

Conversely, it is implicitly proved in the work [25] of I. Vaisman that the universal
covering of a Vaisman manifold, endowed with the Kähler metric, is a cone over a Sasaki
manifold. R. Gini, L. Ornea, M. Parton and P. Piccinni showed in [16] that this result
is true for any presentation of a Vaisman manifold. Let us recall that a presentation of
a locally conformally Kähler manifold is a pair (K,Γ), where K is a homothetic Kähler
manifold, i.e. the Kähler metric is defined up to homotheties, and Γ is a discrete group
of biholomorphic homotheties acting freely and properly discontinuously on K. To any
presentation, there is a group homomorphism, which associates to each homothety, its
dilatation factor, ρK : Γ→ R+, such that γ∗(gK) = ρK(γ)gK , for any γ ∈ Γ, where gK is
the Kähler metric (up to homothety) on K. The maximal presentation is the universal

covering (M̃, π1(M)) of the lcK manifold M and the minimal presentation or minimal
covering is given by

(M̂ := M̃/(Isom(M̃, gK) ∩ π1(M)),Γmin := π1(M)/(Isom(M̃, gK) ∩ π1(M)).

Hence, each γ ∈ Γmin \ {id} acts as a proper homothety on (M̂, gK), i.e. γ is not an
isometry: ρ

M̂
(γ) 6= 1. We can now state the following consequence of [16, Theorem 4.2]:

Proposition 5.10 The minimal (resp. universal) covering of a Vaisman manifold
(M, g, J, θ) is biholomorphic and conformal to the Kähler cone of a Sasaki manifold
and Γmin (resp. π1(M)) acts on the cone by biholomorphic homotheties with respect to
the Kähler cone metric.

Remark 5.11 On the minimal covering M̂ of an lcK manifold (M, g, J, θ), the pull-back

θ̂ of the Lee form is exact. This property is clearly true on the universal covering M̃ ,
since the pull-back of θ is still closed, hence exact: θ̃ = df , as M̃ is simply-connected.
The minimal covering is obtained from the universal covering by quotiening out the
isometries (of the Kähler metric e−f g̃ on M̃) in π1(M). Therefore, the function f

projects onto a function f̂ ∈ C∞(M̂), such that θ̂ = df̂ .

3 Twisted Hamiltonian Actions on lcK manifolds

Let (M, g, J, θ) be an lcK manifold. We consider dθ, the so-called twisted differential,
defined by:

dθ : Ω∗(M) −→ Ω∗+1(M), dθα := dα− θ ∧ α.
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Remark that dθ ◦ dθ = 0 if and only if dθ = 0 and that in this case dθ anti-commutes
with d. By definition, on an lcK manifold, we have dθω = 0.

Let Lθ denote the twisted Lie derivative defined by LθX := dθ ◦ ιX + ιX ◦ dθ. The
following relation holds, for any X ∈ X(M):

LθXω = LXω − θ(X)ω, (5.4)

as follows from the following direct computation:

LXω = dιXω + ιXdω = dιXω + ιX(θ ∧ ω)

= dιXω + θ(X)ω − θ ∧ ιXω = dθ(ιXω) + θ(X)ω

= LθXω + θ(X)ω.

Definition 5.12 Given a function f ∈ C∞(M) on an lcK manifold (M, g, J, θ), its
associated twisted Hamiltonian vector field Xf is defined as the ω-dual of dθf = df−fθ,
i. e. ιXf

ω = dθf . The subset Hamθ(M) ⊂ X(M) of twisted Hamiltonian vector fields is
that of vector fields on M admitting such a presentation.

We remark that the notion of twisted Hamiltonian vector field is invariant under
conformal changes of the metric, even though the function associated to a twisted Hamil-
tonian vector field changes by the conformal factor. More precisely, if g′ = eαg, then
ω′ = eαω, θ′ = θ + dα and the following relation holds dθ

′
f = eαdθ(e−αf). Note that if

M is not globally conformally Kähler, the map C∞(M)→ X(M), f 7→ Xf is injective.

Lemma 5.13 Twisted Hamiltonian vector fields on an lcK manifold (M, g, J, θ) have
the following properties:

(i) ∀X ∈ Hamθ(M) the following relations hold:

LθXω = dθιXω = 0.

(ii) Hamθ(M) is a vector subspace of X(M), such that Jθ] ∈ Hamθ(M) and θ] /∈
Hamθ(M).

(iii) Twisted Hamiltonian vector fields do not leave invariant the fundamental form ω,
but conformally invariant, i.e. for all X ∈ Hamθ(M):

LXω = θ(X)ω. (5.5)

Proof. (i) follows directly by the Cartan formula.
(ii) This can be seen as follows:

(ιJθ]ω)(X) = ω(Jθ], X) = g(Jθ], JX) = θ(X),

hence ιJθ]ω = θ = dθf , where f is the constant function equal to −1.
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However, the Lee vector field θ] is not twisted Hamiltonian, since the 1-form ιθ]ω is
not even dθ-closed:

dθιθ]ω = Lθθ]ω − ιθ]d
θω = Lθ]ω − θ(θ])ω = −ω 6= 0

(iii) follows from (5.4).
The twisted Poisson bracket on C∞(M) is defined by:

{f1, f2} := ω((dθf1)], (dθf2)]) = ω(Xf1 , Xf2). (5.6)

and it turns C∞(M) into a Lie algebra. Hence, the following equality holds: Xf =
−J((dθf)]).

Recall that for any action of a Lie group G on a manifold M , and for any X in
the Lie algebra of G, it is naturally associated the so-called fundamental vector field
XM , defined as XM (x) = d

dt |t=0(exp(tX) · x), for any x ∈ M , where exp: g → G is the
exponential map of the group G and ” · ” denotes the action of G on M . We identify
the elements of the Lie algebra with the induced fundamental vector fields, when there
is no ambiguity.

Definition 5.14 Let (M, g, J, θ) be a locally conformally Kähler manifold with funda-
mental 2-form ω. The action of a Lie group G on M is called

• weakly twisted Hamiltonian if the associated fundamental vector fields are twisted
Hamiltonian, i. e. there exists a linear map

µ : g→ C∞(M)

such that ιXω = dθµX , for all fundamental vector fields X ∈ g. This means
that the twisted Hamiltonian vector field associated to µX := µ(X) is exactly the
vector field X. The condition here is that all fundamental vector fields are twisted
Hamiltonian: g ⊆ Hamθ(M).

• twisted Hamiltonian if the map µ can be chosen to be a Lie algebra homomorphism
with respect to the Poisson bracket defined in (5.6).
In this case the Lie algebra homomorphism µ is called a momentum map for the
action of G.

The map µ may equivalently be considered as the map:

µ : M → g∗, 〈µ(x), X 〉 := µX(x), ∀X ∈ g,∀x ∈M.

The condition on µ : g → C∞(M) to be a homomorphism of Lie algebras is equivalent
to µ : M → g∗ being equivariant with respect to the adjoint action on g∗, the dual of
the Lie algebra of G.

Remark 5.15 The property of an action to be twisted Hamiltonian is a property of the
conformal structure, even though the Poisson structure on C∞(M) is not conformally
invariant. If g′ = eαg, then µθ

′
= eαµθ.
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We define toric lcK manifolds by analogy to other toric geometries, as follows:

Definition 5.16 A connected locally conformally Kähler manifold (M, [g], J) of dimen-
sion 2n equipped with an effective holomorphic and twisted Hamiltonian action of the
standard (real) n-dimensional torus Tn:

τ : Tn → Diff(M)

is called a toric locally conformally Kähler manifold.

Remark 5.17 Let (M, g, J, θ) be a Vaisman manifold. Let π : M̃ →M be the universal

covering of M . We still denote by J the induced complex structure on M̃ . Since π∗θ
is closed and M̃ simply-connected, it follows that it is also exact, i.e. there exists h ∈
C∞(M̃) such that π∗θ = dh. We define the following metric and associated fundamental

form on M̃ , which build a Kähler structure:

g̃ := e−hπ∗g, ω̃ = e−hπ∗ω.

This can be showed as follows:

dω̃ = d(e−hπ∗ω) = e−h(−dh ∧ π∗ω + π∗dω) = e−h(−dh ∧ π∗ω + π∗θ ∧ π∗ω) = 0.

A twisted Hamiltonian G-action on (M, g, J, ω) is equivalent to a Hamiltonian G̃0-

action on the Kähler manifold (M̃, g̃, J, ω̃), where G̃0 denotes the identity component of
the universal covering of G. To check this it is sufficient to consider the infinitesimal
action of the Lie algebra g. We identify X ∈ g = Lie(G) with its associated fundamental
vector field on M . Then, the fundamental vector field associated to g = Lie(G̃) equals
π∗X. If µ : g→ C∞(M) is the momentum map of the twisted Hamiltonian action of G
on M , then the map

µ̃ : g→ C∞(M̃), X 7→ e−hπ∗µX

is the momentum map of the Hamiltonian action of G̃ on M̃ with respect to the Kähler
form ω̃. In fact, for any X ∈ g, we have ιXω = dθµX , by definition of a twisted
Hamiltonian action. We now compute on M̃ :

ιπ∗X ω̃ = ιπ∗X(e−hπ∗ω) = e−hπ∗(ιXω) = e−hπ∗(dθµX)

= e−hπ∗(dµX − µXθ) = e−h(d(π∗µX)− π∗µX · dh) = d(e−hπ∗µX).

Since µ is a homomorphism of Poisson algebras, the same holds for µ̃.

4 Toric Vaisman manifolds

In this section (M, g, J, θ) denotes a Vaisman manifold.

Remark 5.18 Let X be a holomorphic Killing vector field on a Vaisman manifold
(M,J, g, θ). The 1-form ιXω is dθ-closed iff LθXω = 0. Since by assumption LXω = 0,
it follows from (5.4) that dθιXω = 0 iff θ(X) = 0.
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Lemma 5.19 Any twisted Hamiltonian holomorphic action of a Lie group G on a com-
plete Vaisman manifold (M, g, J, θ) is automatically isometric with respect to the Vais-
man metric and the following inclusion holds:

g ⊆ isom(M) ∩ ker(θ).

Proof. By assumption we have:

g ⊆ hol(M) ∩Hamθ(M).

Let X ∈ g ⊆ Hamθ(M). From (5.5), it follows that LXω = θ(X)ω. Since X is a
holomorphic vector field, we have LXJ = 0. From the following relation between the
Lie derivatives:

(LXω)(·, ·) = (LXg)(·, J ·) + g(·, (LXJ)·), ∀X ∈ TM,

it follows that LXg = θ(X)g. Hence, X is a conformal vector field.
In order to show that X is a Killing vector field, we consider the universal covering

M̃ of M , which by Proposition 5.10, is biholomorphic conformal to the Kähler cone
(C(W̃ ), 4e−2t(dt2 +p∗g

W̃
)) over a Sasaki manifold (W̃ , g

W̃
). The lift of X to M̃ , denoted

by X̃, is a conformal Killing vector field with respect to the pull-back metric g̃ := π∗g,
where π denotes the natural projection from M̃ to M . Moreover, we claim that X̃
is a Killing vector field with respect to the Kähler cone metric gK , as the following
computation shows:

L
X̃
gK = L

X̃
(e−2tg̃) = X̃(e−2t)g̃ + L

X̃
(e−2tg̃) = e−2t(−2dt(X̃)g̃ + π∗(LXg))

= e−2t(−2dt(X̃) + π∗(θ(X)g)) = 0,

where we used that π∗θ = 2dt.
Let us note, that by the theorem of Hopf-Rinow, the assumption on (M, g) to be

complete implies that (M̃, g̃) is complete and further that also (W̃ , g
W̃

) is complete.
Thus, applying Proposition 5.6, it follows that all Killing vector fields of the cone metric
on C(W̃ ) are projectable onto Killing vector fields of the Sasaki metric g

W̃
on W̃ . In

particular, it follows that
[
X̃, ∂∂t

]
= 0. This implies that [X, θ]] = 0.

From LXg = θ(X)g and [X, θ]] = 0, it follows:

θ(X)θ = LXθ = d(θ(X)),

where the last equality is obtained by Cartan formula. This identity applied to θ] yields
θ](θ(X)) = θ(X). On the other hand, we compute:

θ](θ(X)) = (Lθ]θ)(X) + θ([θ], X]) = 0,

since again by the Cartan formula, we have Lθ]θ = dιθ]θ = 0. Therefore, we obtain
θ(X) = 0. Hence, X is a Killing vector field of g and is orthogonal to θ].
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Remark 5.20 On a compact Vaisman manifold, A. Moroianu and L. Ornea [23] proved
that every conformal Killing vector field is a Killing vector field with respect to the
Vaisman metric. Recently, P. Gauduchon and A. Moroianu [14] proved the following
more general result: on a connected compact oriented Riemannian manifold admitting
a non-trivial parallel vector field, any conformal Killing vector field is Killing.

The next result shows that an action preserving the whole Vaisman structure is
automatically twisted hamiltonian. Moreover, it shows that the momentum map is
given by the anti-Lee 1-form. More precisely, we have:

Lemma 5.21 Let (M, g, J, θ) be a Vaisman manifold and X be a holomorphic Killing
vector field on M , which is in the kernel of θ. Then X is a twisted Hamiltonian vector
field with Hamiltonian function f := Jθ(X), i.e. the following equality holds:

ιXω = df − fθ = dθf.

Proof. We compute the differential of f as follows:

df(Y ) = (∇Y J)(θ ∧X) + g(Jθ,∇YX) =
1

2
(fθ(Y ) + ω(X,Y ))− g(Y,∇JθX) (5.7)

since θ(X) = 0, |θ| = 1 and ∇X is skew-symmetric. Note that

−∇JθX = LXJθ −∇XJθ = −∇XJθ =
1

2
(fθ + JX),

since X preserves θ and J , and θ is parallel. Substituting in (5.7), we obtain

df =
1

2
(fθ + ιXω)−∇JθX = fθ + ιXω.

We consider now toric Vaisman manifolds, as a special class of toric lcK manifolds,
cf. Definition 5.16.

Remark 5.22 As in the case of Kähler toric manifolds, where a Hamiltonian holo-
morphic action automatically preserves the Kähler metric, also on Vaisman manifolds a
twisted Hamiltonian holomorphic action preserves the Vaisman metric, see Lemma 5.19.

Remark 5.23 The maximal dimension of an effective twisted Hamiltonian torus action
on a 2n-dimensional Vaisman manifold is n. The proof follows by the same argument
as for Hamiltonian actions on symplectic manifolds (for details see e.g. [9]).

In particular, on a toric Vaisman manifold, by Lemma 5.19, the following inclusions
hold:

tn ⊆ hol(M) ∩Hamθ(M) ⊆ isom(M) ∩ (θ])⊥,

where tn denotes the Lie algebra of Tn. Moreover, we show the following:
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Lemma 5.24 On a toric Vaisman manifold (M2n, g, J, θ), the anti-Lee vector field is
part of the twisted Hamiltonian torus action, i.e. Jθ] ∈ tn.

Proof. We argue by contradiction and assume that Jθ] /∈ tn. By Remark 5.23, n
is the maximal dimension of a torus acting effectively and twisted Hamiltonian on a
2n-dimensional Vaisman manifold. Hence, it suffices to show that tn ∪ {Jθ]} is still an
abelian Lie algebra acting twisted Hamiltonian on (M, g, J). This is a consequence of
Lemma 5.13, (ii), stating that Jθ] ∈ HamθM , and of Lemma 5.5, where it is shown
that Jθ] is in the center of aut(M), so in particular commutes with all elements of
tn ⊂ aut(M).

Example 5.25 The standard example of a Vaisman manifold is S1 × S2n−1, endowed
with the complex structure and metric induced by the diffeomorphism

Ψ: Cn \ {0}/Z −→ S1 × S2n−1, [z] 7−→ (ei ln |z|,
z

|z|
),

where [z] = [z′] if and only if there exists k ∈ Z such that z′ = e2πkz. The Hermitian

metric
dzj⊗dz̄j
|z|2 on Cn \ {0} is invariant under the action of Z and hence it descends to

a Hermitian metric on Cn \ {0}/Z, with

g := Re
dzj ⊗ dz̄j
|z|2

, ω := i
dz̄j ∧ dzj
|z|2

, θ := d ln |z|−2

defining the lcK metric, 2-fundamental form and Lee form respectively. The Lee form
θ is parallel, hence S1 × S2n−1 is Vaisman. We define the following Tn action on
Cn \ {0}/Z ' S1 × S2n−1: t 7−→ ([z] 7→ [t1z1, . . . , tnzn]). It is easy to check that it is
effective and holomorphic. A basis of fundamental vector fields of the action is given by
Xj([z]) := izj

∂
∂zj
− iz̄j ∂

∂z̄j
, for j ∈ {1, . . . , n}. Therefore, we have

ιXjω =
z̄jdzj + zjdz̄j

|z|2
= d

(
|zj |2

|z|2

)
− |zj |

2

|z|2
θ = dθ

(
|zj |2

|z|2

)
,

which shows that the action is also twisted Hamiltonian, with momentum map µXj ([z]) :=
|zj |2
|z|2 . Hence, S1 × S2n−1 is a toric Vaisman manifold.

We are now ready to state our result:

Theorem 5.26 Let (M2n, J, g, θ) be a complete Vaisman manifold and W 2n−1 be its

associated Sasaki manifold, such that the minimal covering M̂ of M is biholomorphic
and conformal to the Kähler cone over W . If M is a toric Vaisman manifold, then W
is a toric Sasaki manifold.

Proof. Let π : M̂ →M denote the projection of the minimal covering. M̂ is naturally
endowed with the pullback metric ĝ := π∗g and the complex structure Ĵ , such that π
is a local isometric biholomorphism. By Proposition 5.10, we know that M̂ = C(W ),
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where (W, gW , ξ, η,Φ) is a complete Sasaki manifold and C(W ) = R ×W is its cone.

By this identification, the lift of the 1-form θ, which is exact on M̂ cf. Remark 5.11,
equals 2dt, where t is the coordinate of the factor R. Moreover, the relationship between
the induced metric ĝ and the Kähler cone metric gK := gcone = 4e−2t(dt2 + p∗gW ) is
the following: ĝ = e2tgK = 4(dt2 + p∗gW ). The complex structure Ĵ coincides with
the usual complex structure induced by the Sasaki structure on the Kähler cone, i.e.
Ĵ(p∗ξ) = ∂

∂t and Ĵ( ∂∂t) = −p∗ξ and Ĵ coincides with the transverse complex structure
Φ on the horizontal distribution ξ⊥ in TW .

By assumption, the Vaisman manifold M2n is toric, hence it is equipped with an
effective twisted Hamiltonian action τ : Tn → Diff(M).

By Lemma 5.24, Jθ] ∈ tn, hence we may choose a basis X1, . . . , Xn of the Lie
algebra tn ∼= Rn, such that the fundamental vector field on M associated to X1 is
−2Jθ]. For simplicity, we still denote the induced fundamental vector fields of the
action by Xj ∈ X(M), for 1 ≤ j ≤ n. From Remark 5.2 and Lemma 5.19, it follows that
[Xj , θ

]] = 0, for all j. Moreover, Lemma 5.19 implies that g(Xj , θ
]) = 0, for all j.

Since π is a local diffeomorphism, we can lift each vector field Xj uniquely to a

vector field X̂j on M̂ . As Xj commute pairwise, the same is true for their lifts, i.e. we

have [X̂j , X̂k] = 0, for all 1 ≤ j, k ≤ n. Note that the lift of θ] to M̂ equals (π∗θ)],ĝ,

i.e. the dual of π∗θ = 2dt with respect to the metric g̃. Thus, θ̂] = 1
2
∂
∂t . Hence,

X̂1, which is the lift to the universal covering of −2Jθ], equals X̂1 = −2Ĵ((π∗θ)],ĝ) =

−2Ĵ(1
2
∂
∂t) = p∗ξ. It is then clear, that X̂1 projects through p on W to ξ. In fact,

each lift X̂j is projectable onto vector fields on W , since they are constant along R:[
∂
∂t , X̂j

]
= 2

[
θ̂], X̂j

]
= 2 ̂[θ], Xj ] = 0, for all 1 ≤ j ≤ n. We denote their projections by

Yj := p∗X̂j ∈ X(W ), for all 1 ≤ j ≤ n. In particular, Y1 equals the Reeb vector field
ξ. We remark that the vector fields {Y1, . . . , Yn} commute pairwise and are complete.
Thus, they give rise to an effective action τW : Rn → Diff(W ).

We show next that this action acts by automorphisms of the Sasaki structure, i.e.
the vector fields {Y1, . . . , Yn} preserve (gW , ξ, η,Φ). More precisely, it is sufficient to
show that they are Killing vector fields, since they commute with Y1 = ξ. The torus
action τ on the Vaisman manifold is by isometries, cf. Lemma 5.19, so each vector field
Xj is Killing with respect to the Vaisman metric g. The projection π being a local

isometry between (M̂, ĝ) and (M, g), it follows that each lift X̂j is a Killing vector field
with respect to the metric ĝ = 4(dt2 + p∗gW ), hence their projections onto (W, gW ) are
still Killing vector fields with respect to the Sasaki metric gW .

In order to conclude that W is a toric Sasaki manifold, we need to argue why the
action τW of Rn on W naturally induces an action of the torus Tn on W . For this, it
is enough to show that for each X ∈ tn with the associated fundamental vector on M
having closed orbits of the same period, also its lift X̂ has the same property. Let Ψs

and Ψ̂s denote the flow of X, resp. of X̂. We assume that all the orbits of X close
after time s = 1, i.e. Ψ1(x) = x, for all x ∈ M . Then, since π ◦ Ψ̂s = Ψs ◦ π, for all

values of s, it follows that for each (t, w) ∈ M̂ , we have π((t, w)) = π(Ψ1(t, w)), so there
exists γ ∈ Γmin, such that Ψ1(t, w) = γ · (t, w). A priori γ may depend on the choice
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of (t, w), but since the function defined in this way would be continuous with values
in the discrete group Γmin, it must be constant. On the other hand, X̂ is a Killing
vector field with respect to the Kähler metric gK = e−2tĝ (since, as shown above, X̂ is
Killing with respect to the pull-back ĝ of the Vaisman metric and it also leaves invariant
the conformal factor, as θ(X) = 0 implies dt(X̂) = 0). Applying Proposition 5.6, we

have Ψ1(t, w) = (t, ψ(w)), where ψ is an isometry of W . Hence, for all (t, w) ∈ M̂ , we
have: γ · (t, w) = (t, ψ(w)), in particular γ acts as an isometry of the Kähler metric. As
γ ∈ Γmin, it follows from the definition of Γmin that γ = id. We conclude that all orbits
of X̂ are also closed with the same period.

Remark 5.27 The argument in the proof of Theorem 5.26 also applies to the univer-
sal covering of a toric complete Vaisman manifold, showing that it carries an effective
holomorphic Hamiltonian action of Rn, i.e. a completely integrable Hamiltonian system,
with respect to its Kähler structure.

Conversely, we show:

Theorem 5.28 Let (W 2n−1, gW , ξ, η,Φ) be a toric complete Sasaki manifold with the
effective torus action τ : Tn → Diff(W ). Let Γ be a discrete group of biholomophic homo-
theties acting freely and properly discontinuously on the Kähler cone (C(W ), 4e−2t(dt2 +
p∗gW )) and hence inducing a Vaisman structure on the quotient M := C(W )/Γ. If the
action τ , which is extended to C(W ) acting trivially on R, commutes with Γ, then M is
a toric Vaisman manifold.

Proof.
Let π denote the projection corresponding to the action of the group Γ, π : C(W )→

M = C(W )/Γ. We still denote by τ the extension of the Tn-action on R×W , obtained
by letting Tn act trivially on R. The assumption on this action to commute with the
group Γ, ensures that it naturally projects onto a Tn-action on the quotient M , that we
denote by τ̄ : Tn → Diff(M). In order to show that M is a toric Vaisman manifold, we
need to check that this action is effective, holomorphic and twisted Hamiltonian with
respect to the induced Vaisman structure on M2n, that we denote by (g, J, θ). For this,
we study the induced fundamental vector fields of the action.

We recall that through π, the exact form 2dt projects to the Lee form θ of the
induced Vaisman structure on the quotient M , the vector field 1

2
∂
∂t projects to the Lee

vector field θ] and hence, p∗ξ = −J( ∂∂t) projects to −2Jθ]. We also know that the
metric which projects onto the Vaisman metric g is the product metric 4(dt2 + gW ).

By assumption, the action τ : Tn → Diff(W ) preserves the Sasaki structure and has
the property that ξ ∈ tn. We choose a basis X1, . . . , Xn of the Lie algebra tn ∼= Rn,
such that the fundamental vector field on M associated to X1 is −1

2ξ. We still denote
the induced fundamental vector fields of the action by Xj ∈ X(W ), for 1 ≤ j ≤ n. We
consider the pull-back of these vector fields on C(W ) = R ×W through the projection
p : R ×W → W , Yj := p∗Xj , for 1 ≤ j ≤ n. Hence, Y1 = −p∗(1

2ξ) projects through
π to Jθ], which is a Killing vector field with respect to the Vaisman metric g. We
claim that this property is true for all vector fields Yj . First we notice that each Yj
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is projectable through π, because of the hypothesis on the action of Tn on R ×W to
commute with Γ. We denote the projected vector fields by Yj := π∗Yj . In fact, by
construction, the vector fields {Y1, . . . , Yn} are exactly the fundamental vector fields of
the action τ̄ corresponding to the fixed basis {X1, . . . , Xn} of tn. As each Xj is a Killing
vector field with respect to the Sasaki metric gW , it follows that Yj = p∗Xj is a Killing
vector field with respect to the product metric 4(dt2 + gW ) on R×W . Since π is a local
isometry between (R×W, 4(dt2 + gW )) and (M, g), the vector fields Yj are still Killing
with respect to g.

The same argument works in order to show that Yj is a holomorphic vector field
on the Vaisman manifold (M, g, J, θ). Namely, we use that π is a local biholomorphism
and that Yj = p∗Xj is a holomorphic vector field with respect to the induced holomor-
phic structure JK on the cone C(W ). The last statement follows from the following
straightforward computation:

(LYjJK)(p∗ξ) =

[
Yj ,

∂

∂t

]
− JK(p∗([Xj , ξ])) = 0,

(LYjJK)

(
∂

∂t

)
= −[Yj , p

∗ξ]− JK
([
Yj , p

∗ ∂

∂t

])
= 0,

(LYjJK)(p∗X) = [Yj , p
∗(Φ(X))]− JK([Yj , p

∗X])

= p∗([Xj , X]− Φ[Xj , X]) = p∗((LXjΦ)(X)) = 0,

where X is any vector field of the contact distribution of W , i.e. X is orthogonal to ξ.
The Kähler form of the Kähler cone is on the one hand given by: ωK = e−2tπ∗ω,

where ω is the fundamental 2-form of the Vaisman structure: ω = g(·, J ·), and on the
other hand, it is exact and equals 2d(e−2tp∗η), where η is the 1-form of the Sasaki struc-
ture on W . We recall that any action preserving the Sasaki structure is automatically
hamiltonian with momentum map obtained by pairing with the opposite of the 1-form
η, i.e. for any Killing vector field X commuting with ξ, we have: ιXdη = −d(η(X)).
The induced action on the Kähler cone is also hamiltonian. More precisely, the following
equation holds, for X as above:

ι(p∗X)ωK = 2ι(p∗X)d(e−2tp∗η) = −2d(e−2tη(X) ◦ p),

since LX(e−2tη) = 0. We compute for each 1 ≤ j ≤ n:

π∗(ιYjω) = ιYj (π
∗ω) = ιYj (e

2tωK) = e2td(e−2tη(Xj) ◦ p)

= −2(η(Xj) ◦ p)dt+ d(η(Xj) ◦ p).
(5.8)

We now notice that the function η(Xj) ◦ p is invariant under the action of the group Γ.
This is due, on the one hand, to the fact that Xj is a fundamental vector field associated
to the torus action, which by assumption commutes with Γ. On the other hand, η equals
the projection on W of JK(dt) and Γ acts by biholomorphisms with respect to JK and by
homotheties with respect to the cone metric, hence it automatically commutes with the
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radial flow ϕs, cf. Proposition 5.6. We denote the projection of the function π∗(η(Xj)◦p)
on M by µ(Xj) = −1

2Jθ(Yj). Hence, the right hand side of (5.8) is projectable through
π and we obtain on M :

ιYjω = −µ(Xj)θ + d(µ(Xj)) = dθ(µ(Xj)),

showing that the torus action τ̄ defined above is twisted Hamiltonian with momentum
map defined by µ : tn → C∞(M), µ(X) = −1

2Jθ(XM ), where XM is the fundamental
vector field associated to X through the action τ̄ .

5 Toric Compact Regular Vaisman manifolds

We consider in this section the special case of a strongly compact regular Vaisman
manifold and show that it is toric if and only if the Kähler quotient is toric.

Recall that a Vaisman manifold (M, g, J, θ) is called regular if the 1-dimensional
distribution spanned by the Lee vector field θ] is regular, meaning that θ] gives rise to
an S1-action on M , and it is called strongly regular if both the Lee and anti-Lee vector
field give rise to an S1-action.

Theorem 5.29 Let (M2n, g, J) be a strongly regular compact Vaisman manifold and
denote by M := M/{θ], Jθ]} the quotient manifold with the induced structures ḡ and J̄ .
Then M is a toric Vaisman manifold if and only if M is a toric Kähler manifold.

Proof. Let (M, g, J) be a strictly regular compact Vaisman manifold with Lee vec-
tor field θ] and let π : M →M denote the projection onto the quotient manifold. By
definition, each of the vector fields θ] and Jθ] gives rise to a circle action, which by
Lemma 5.5 are both holomorphic and isometric. In this case, the metric g and the com-
plex structure J descends through π to the quotient manifold M and it is a well-known
result that (M, ḡ, J̄) is a compact Hodge manifold and π is a Riemannian submersion.
Moreover, the curvature form of the connection 1-form θ − iJθ of the principal bundle
π : M →M projects onto the Kähler form ω of M . For details on these results see e.g.
[26] or [11, Theorem 6.3].

Let us first assume that (M2n, g, J) is a compact toric Vaisman manifold, i.e. there is
an effective twisted Hamiltonian holomorphic action τ : Tn → Diff(M) with momentum
map µ : M → Rn. We show that there is a naturally induced effective Hamiltonian action
on the compact Kähler quotient, τ̄ : Tn−1 → Diff(M), where Tn−1 is the torus obtained
from Tn by quotiening out the direction corresponding to the circle action of Jθ], which
by Lemma 5.24 lies in the torus. Hence, by the definition of Tn−1, we have the following
relation between the Lie algebras of the corresponding tori: tn = tn−1 ⊕ 〈Jθ]〉. Since
{θ], Jθ]} is included in the center of aut(M), cf. Lemma 5.5, it follows that the action of
Tn on M naturally descends through π to an action on the quotient M = M/{θ], Jθ]}.
By Remark 5.22, the action of Tn on (M, g, J) is both holomorphic and isometric. Thus,
the action induced by Tn on (M, ḡ, J̄) is also isometric and holomorphic. This can be
checked as follows. By the definition of the induced action, the fundamental vector
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fields XM and XM , associated to the action of any X ∈ tn on M , respectively on M ,
are related by π∗(XM ) = XM . Since the Lie derivative commutes with the pull-back,
we have LXM

ḡ = Lπ∗(XM )π∗g = π∗(LXM
g) = 0 and similarly we obtain LXM

J̄ = 0.

This action of Tn on M is not effective, since it is trivial in the direction of the anti-
Lee vector field Jθ] ∈ tn. However, as θ] /∈ tn by Lemma 5.19, it follows that the
restriction of this action to the above defined ”complementary” torus Tn−1 of Jθ] in
Tn is effective. We denote it by τ̄ : Tn−1 → Diff(M) and we only need to check that it
is a Hamiltonian action on the symplectic manifold (M,ω). For this, we consider the
map p ◦ µ : M → Rn−1, where p : Rn → Rn−1 denotes the projection from tn to tn−1,
corresponding to quotiening out 〈Jθ]〉, through the identification of the deals of the Lie
algebras of Tn and Tn−1 with Rn, respectively Rn−1. It follows that for any X ∈ tn−1,
the function (p ◦ µ)(X) : M → R is invariant under the action of θ] and of Jθ], hence it
is projectable through π onto a function on M , which we denote µ̄X . It turns out that
µ̄ is the momentum map of the action τ̄ . In order to show this, let x̄ ∈ M , Y ∈ Tx̄M ,
choose x ∈ M with π(x) = x̄ and let Y := (dxπ|〈 θ], Jθ] 〉⊥)−1(Y ). We compute at the

point x̄, for all X ∈ tn−1: (ιXM
ω)(Y ) = (π∗ω)(π∗XM , π∗Y ) and on the other hand:

dx̄µ̄
X(Y ) = dxµ

X(Y ) = dθxµ
X(Y ) = (ιXM

ω)x(Y ) = ωx(XMx, Y ),

thus proving that ιXM
ω = dµ̄X , for all X ∈ tn−1. Note that by definition µ̄ inherits

from µ the property of being a Lie algebra homomorphism from Rn−1 endowed with
the trivial Lie bracket to C∞(M) endowed with the Poisson bracket. Concluding, we
have shown that the induced action τ̄ : Tn−1 → Diff(M) is an effective holomorphic
Hamiltonian action on M , so (M, ḡ, J̄) is a compact Kähler toric manifold.

Conversely, let us assume that (M2n, g, J) is a strictly regular compact Vaisman
manifold, such that the Kähler quotient (M, ḡ, J̄) is a toric Kähler manifold. We show

that (M, g, J) is then a toric Vaisman manifold. By assumption, M
2n−2

is equipped with
an effective Hamiltonian holomorphic action of Tn−1, which we denote by τ̄ : Tn−1 →
Diff(M). We also denote by µ̄ : M → Rn−1 one of the momentum maps of this action,
which is unique up to an additive constant. Let X1, . . . , Xn−1 be a basis of the Lie
algebra tn−1

∼= Rn−1 and fj := µXj the corresponding Hamiltonian functions on M ,
i.e. ιXj

ω = dfj , for j ∈ {1, . . . , n}, where for simplicity we denote the fundamental

vector fields of the action on M by Xj = XM
j ∈ X(M). We now consider the horizontal

distribution D defined for each x ∈ M by Dx := {X ∈ TxM |X ⊥ θ]x, X ⊥ Jθ]x} and
the corresponding horizontal pull-back Yj of each vector field Xj through π, i.e. for
each x ∈M , (Yj)x := ((dxπ)|Dx)−1((Xj)π(x)), for j ∈ {1, . . . , n}. Each vector field Yj is
complete and thus gives rise to an action of R on M . In the sequel, we modify them in
the direction of Jθ] in order to obtain the lifted torus action on M .
Set Zj := Yj − (fj ◦ π)Jθ], for 1 ≤ j ≤ n− 1.
Step 1. We first show that each of these vector fields commutes with θ] and with
Jθ] and preserves the distribution D, since it leaves invariant both 1-forms θ and Jθ.
Namely, we compute for 1 ≤ j ≤ n− 1:

[Zj , θ
]] =

[
Yj − fj ◦ π · Jθ], θ]

]
= 0, [Zj , Jθ

]] =
[
Yj − fj ◦ π · Jθ], Jθ]

]
= 0, (5.9)
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where we use that all functions fj ◦π and all horizontal lifts Yj are by definition constant
along the flows of θ] and of Jθ]. We further obtain by applying the Cartan formula:

LZjθ = ιZjdθ + d(ιZjθ) = 0,

since θ is closed and Zj is by definition in the kernel of θ. Since the curvature of the
connection 1-form of the principal bundle π : M →M projects onto the Kähler form ω,
we obtain:

LZj (Jθ) = ιZjd(Jθ) + d(ιZj (Jθ)) = ιZjπ
∗ω − d(fj ◦ π) = π∗(ιXj

ω)− π∗(dfj) = 0.

Indeed, in order to obtain this last equality it was necessary to perturb the horizontal
lifts Yj in the direction of Jθ]. We claim that the set {Z1, · · · , Zn−1} gives rise to an
effective action of Rn−1 on M . For this, it is sufficient to check that all their Lie brackets
vanish, so they are commuting vector fields. The property of being an effective action is a
consequence of the effectiveness of the action of Tn−1 on M . For each j, k ∈ {1, . . . , n−1}
we compute:

[Zj , Zk] =
[
Yj − fj ◦ π · Jθ], Yk − fk ◦ π · Jθ]

]
= [Yj , Yk]− Yj (fk ◦ π) Jθ] + Yk (fj ◦ π) Jθ]

= [Xj , Xk]
∗ −

(
ω(Xj , Xk)− dfj(Xk) + dfk(Xj)

)
◦ π · Jθ]

= [Xj , Xk]
∗ − ω(Xk, Xj) ◦ π · Jθ] = 0,

(5.10)

where by ∗ is denoted the horizontal lift to the distribution D of a vector field on M .
For the above equalities we used again that Jθ](fj ◦ π) = 0 and [Yj , Jθ

]] = 0, for all
1 ≤ j ≤ n − 1, as well as the fact that the curvature of the connection 1-form of the
principal bundle equals π∗ω. Note that the last equality in (5.10) follows from the
commutation of the vector fields Xj induced by the torus action and from the property
of the momentum map µ̄ : Rn−1 → C∞(M) of being a Lie algebra homomorphism, where
C∞(M) is endowed with the Poisson bracket. Hence, for any j, k, the following relations
hold: 0 = µ̄([Xj , Xk]) = {µ̄Xj , µ̄Xk} = ω(Xj , Xk).
Step 2. We now check that the above defined action of Rn−1 on M is holomorphic,
isometric and twisted Hamiltonian. For each 1 ≤ j ≤ n− 1, Zj is a holomorphic vector
field by the following computation, which uses the commutation relations from (5.9):

(LZjJ)(θ]) = [Zj , Jθ
]]− J [Zj , θ

]] = 0, (LZjJ)(Jθ]) = −[Zj , θ
]]− J [Zj , Jθ

]] = 0,

and since for each projectable horizontal vector field Y ∈ Γ(D) with π∗Y = Y we have:

(LZjJ)(Y ) =[Yj − (fj ◦ π)Jθ], JY ]− J [Yj − (fj ◦ π)Jθ], Y ]

=[Yj , JY ]− (fj ◦ π)[Jθ], JY ] + JY (fj ◦ π)Jθ]

− J [Yj , Y ] + (fj ◦ π)J [Jθ], Y ] + Y (fj ◦ π)θ]

=[Xj , J Y ]∗ − ω(Xj , J Y ) ◦ π · Jθ] + dfj(J Y ) ◦ π · Jθ]

− J([Xj , Y ]∗ − ω(Xj , Y ) ◦ π · Jθ]) + dfj(Y ) ◦ π · θ]

=([Xj , J Y ]− J [Xj , Y ])∗ = 0,
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where we use that by definition J is the projection of J , so JY = (J Y )∗, as well as the
equalities [Jθ], JY ] = J [Jθ], Y ], following from the fact that Jθ] is a holomorphic vector
field, cf. Lemma 5.5. A similar computation yields that LZjg = 0, for 1 ≤ j ≤ n − 1,
showing that each Zj is a Killing vector field on M with respect to g. We further
compute for each j ∈ {1, . . . , n− 1}:

ιZjω = ιYjω − (fj ◦ π)ιJθ]ω = π∗(ιXj
ω)− (fj ◦ π)θ

= d(fj ◦ π)− (fj ◦ π)θ = dθ(fj ◦ π),

by taking into account that ω = π∗ω − θ ∧ Jθ. This proves that each vector field Zj
is twisted Hamiltonian with respect to ω with Hamiltonian function fj ◦ π. Altogether,
we have shown that the action of Rn−1 defined by the vector fields Z1, . . . , Zj respects
the whole Vaisman structure (g, J, ω) and is twisted Hamiltonian with momentum map
µ : Rn−1 → C∞(M), defined by µXj := µ̄Xj ◦ π, for 1 ≤ j ≤ n− 1. We also remark that
µ is a Lie algebra homomorphism for C∞(M) endowed with the Poisson bracket defined
by (5.6), as µ̄ is a Lie algebra homomorphism and the Poisson brackets are compatible
through π. More precisely, we have for all j, k ∈ {1, . . . , n− 1}:

{µXj , µXk} (5.6)
= ω(Zj , Zk) = ω(Yj − (fj ◦ π)Jθ], Yk − (fk ◦ π)Jθ]) =

=ω(Yj , Yk)− (fj ◦ π)ω(Jθ], Yk) + (fk ◦ π)ω(Jθ], Yj)

=ω(Xj , Xk) ◦ π − (fj ◦ π)θ(Yk) + (fk ◦ π) θ(Yj)

={µ̄Xj , µ̄Xk} ◦ π = µ̄[Xj ,Xk] ◦ π = µ[Xj ,Xk].

Step 3. Next we show that the freedom in choosing the momentum map µ̄ of M up
to an additive constant in Rn−1 allows us to make the above defined action of Rn−1 on
M into an action of Tn−1 = S1 × · · · × S1 on M , thus lifting the action of Tn−1 on M .
It is enough to establish this result for one direction and then apply it independently
for each of the directions Xj , j ∈ {1, . . . , n − 1}. The argument can be found in [13],
Section 7.5., in the more general setting of lifting S1-actions to Hermitian complex line
bundles equipped with a C-linear connection, whose curvature form is preserved by the
circle action and in which case the property of being Hamiltonian is with respect to the
closed curvature 2-form, which is not assumed to be symplectic. For the convenience of
the reader we sketch here this argument using the above notation. Let X be a vector
field on M which generates an S1-action, whose orbits are assumed to have period 1.
One considers the flow Φs of the horizontal lift of X to M/{θ]}, which then satisfies:
Φ1(x) = ζ(x̄)·x, for all x ∈M/{θ]}, where x̄ is the projection of x on M and ζ : M → S1.
The main step is to show that ζ is constant. This follows from the following formula

Φ1 ·V = V − idζ(V )
ζ Jθ], for all V ∈ X(M) and V its horizontal lift to M/{θ]}, and from

the fact that Φs preserves the horizontal distribution for all values of s. An S1-action on
M/{θ]} lifts to an S1-action on M , since θ is closed, so its kernel defines an integrable
distribution on M . Applied to our case, this result yields that for each 1 ≤ j ≤ n − 1,
the Hamiltonian function fj ∈ C∞(M) may be chosen (by adding an appropriate real
constant, determined by ζ, which is well-defined up to an additive integer), such that



126 CHAPTER 5. TORIC VAISMAN MANIFOLDS

the vector field Zj = Yj − (fj ◦ π) · Jθ] is the generator of an S1-action on M , where Yj
denotes the horizontal lift of Xj .

Since Jθ] is a Killing, holomorphic, twisted Hamiltonian vector field lying in the
center of aut(M), cf. Lemma 5.5 and Lemma 5.13, it follows that the circle action
induced by Jθ] commutes with the circle actions induced by the above defined action of
Tn−1 on M , thus giving rise together to an effective holomorphic twisted Hamiltonian
action of Tn on (M2n, g, J), showing that this is a toric Vaisman manifold.

Applying this result to the Vaisman manifold S1 × S2n−1 as described in Example
5.25, which is strongly regular, as θ] is the tangent vector to the S1 factor and Jθ]

is tangent to the Hopf action on S2n−1. This action commutes with the torus action
defined in Example 5.25. It follows that this Tn-action descends to the quotient (S1 ×
S2n−1)/{θ], Jθ]} ' CPn.

Remark 5.30 If (M2n, g, J) is a regular compact Vaisman manifold, then the proof of
Theorem 5.29 also shows that the following equivalence holds: M is a toric Vaisman
manifold if and only if M/{θ]} is a toric Sasaki manifold. Again, this statement is only
about the toric structure, since it is well-known that the quotient manifold is Sasaki (see
e.g. [26] or [11]).

We note that the proofs of the theorems of the last two sections are both constructive,
showing that the torus actions on the Sasaki (respectively Kähler) manifold and on the
Vaisman manifold naturally induce one another.
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Chapter 6

Remarks on the product of
harmonic forms

Liviu Ornea and Mihaela Pilca

Abstract. A metric is formal if all products of harmonic forms are again harmonic. The
existence of a formal metric implies Sullivan formality of the manifold, and hence formal
metrics can exist only in presence of a very restricted topology. We show that a warped product
metric is formal if and only if the warping function is constant and derive further topological
obstructions to the existence of formal metrics. In particular, we determine necessary and
sufficient conditions for a Vaisman metric to be formal.

2000 Mathematics Subject Classification: Primary: 53C25. Secondary: 53C55, 58A14.

Keywords: formality, harmonic form, warped product, Vaisman manifold, Betti numbers.

1 Introduction

A fundamental problem in algebraic topology is the reading of the homotopy type of a
space in terms of cohomological data. A precise definition of this property was given
by Sullivan in [S] and called formality. As concerns manifolds, it is known e.g. that all
compact Riemannian symmetric spaces and all compact Kähler manifolds are formal.
For a recent survey of topological formality, see [PS].

Sullivan also observed that if a compact manifold admits a metric such that the
wedge product of any two harmonic forms is again harmonic, then, by Hodge theory,
the manifold is formal. This motivated Kotschick to give the following:

Definition 6.1 ([K]) A Riemannian metric is called (metrically) formal if all wedge
products of harmonic forms are harmonic.

A closed manifold is called geometrically formal if it admits a formal Riemannian
metric.

Both authors are partially supported by CNCSIS grant PNII IDEI contract 529/2009. The second-
named author acknowledges also partial support from SFB/TR 12.

129



130 CHAPTER 6. PRODUCT OF HARMONIC FORMS

In particular, the length of any harmonic form with respect to a formal metric
is (pointwise) constant. This larger class of metrics having all harmonic (1-)forms of
constant length naturally appears in other geometric contexts, for instance in the study
of certain systolic inequalities, and has been investigated in [N], [NV].

Classical examples of geometrically formal manifolds are compact symmetric spaces.
In [KT1] and [KT2] more general examples are provided, both of geometrically formal
and of formal but non-geometrically formal homogeneous manifolds.

Geometric formality imposes strong restrictions on the (real) cohomology of the
manifold. For example, it is proven in [K] that a manifold admits a non-formal metric
if and only if it is not a rational homology sphere.

In this note, we shall obtain further obstructions to formality. We shall see (Section
2) that if a compact manifold with b1 = p ≥ 1 admits a formal metric, and if there
exist two vanishing Betti numbers such that the distance between them is not larger
than p+2, then all the intermediary Betti numbers must be zero too. Also, a conformal
class of metrics on an even-dimensional compact manifold with non-zero middle Betti
number can contain no more than one formal metric.

Our main concern will be the formality of warped products (Section 2). We shall
show that a warped product metric on a compact manifold is formal if and only if the
warping function is constant. On the way, we shall also provide a proof for the known
fact (stated for instance in [K]) that a product of formal metrics is formal.

Unlike Kähler manifolds, which are known to be formal, for the time being, nothing is
known about the Sullivan formality of locally conformally Kähler (in particular Vaisman)
manifolds. In Section 3 of this note, we shall discuss compact Vaisman manifolds, whose
universal cover is a special type of warped product, a Riemannian cone to be precise,
and we shall find obstructions to the metric formality of a Vaisman metric. Several
computational facts and their proofs are gathered in a final Appendix.

2 Geometric formality of warped product metrics

For the sake of completeness and as a first step in the study of geometrically formal
warped products, we provide a proof for the formality of Riemannian product metrics.

Proposition 6.2 If (M1, g1) and (M2, g2) are two compact Riemannian manifolds with
formal metrics, then the metric g = g1 + g2 on the product manifold M = M1 ×M2 is
also formal.

Proof. Let γ ∈ ΩpM and γ′ ∈ ΩqM be two harmonic forms on M . By Lemma 6.13,
γ and γ′ are given by linear combinations with real coefficients of the basis elements
in (6.6). Thus, it is enough to check that the exterior product of any two such basis
elements is a harmonic form on M . But:

(π∗1(α) ∧ π∗2(β)) ∧ (π∗1(α′) ∧ π∗2(β′)) = (−1)|α
′||β|π∗1(α ∧ α′) ∧ π∗2(β ∧ β′),

which is g-harmonic on M by Lemma 6.13 and by the formality of g1 and g2 (as α ∧ α′
is again a g1-harmonic form and β ∧ β′ a g2-harmonic form). �
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We now pass to the setting we are mainly interested in, namely the warped products.

Theorem 6.3 Let (Bn, gB) and (Fm, gF ) be two compact Riemannian manifolds with
formal metrics. Then the warped product metric g = π∗(gB)+(ϕ◦π)2σ∗(gF ) on B×ϕF
is formal if and only if the warping function ϕ is constant.

Proof. Let β ∈ Ωp(F ) be a gF -harmonic form on F (as bm(F ) = 1, there exists at
least a harmonic m-form on F ). From (6.7) and (6.8), it follows that σ∗β is a g-harmonic
form on the warped product B ×ϕ F . If we assume the warped metric g to be formal,
it follows in particular that the length of σ∗β is constant. As gF is also assumed to be
formal, the length of β is constant as well. On the other hand, the following relation
holds:

g(σ∗β, σ∗β) = (ϕ ◦ π)2pgF (β, β) ◦ σ, (6.1)

showing that the function ϕ must be constant.
Conversely, if ϕ is constant, then the warped product reduces to the Riemannian

product between the Riemannian manifolds (B, gB) and (F,ϕ2gF ), which is geometri-
cally formal by Proposition 6.2. �

Remark 6.4 From the above proof we see that Theorem 6.3 holds more generally for
metrics having all harmonic forms of constant length.

An interesting question regarding the formal metrics is their existence in a given
conformal class. Under a weak topological assumption, we prove that there may exist
at most one such formal metric. More precisely, we have:

Proposition 6.5 Let M2n be an even-dimensional compact manifold whose middle
Betti number bn(M) is non-zero. Then, in any conformal class of metrics there is
at most one formal metric (up to homothety).

Proof. Let [g] be a class of conformal metrics on M and suppose there are two formal
metrics g1 and g2 = e2fg1 in [g]. The main observation is that in the middle dimension
the kernel of the codifferential is invariant at conformal changes of the metric, so that
there are the same harmonic forms for all metrics in a conformal class: Hn(M, g1) =
Hn(M, g2). As bn(M) ≥ 1 there exists a non-trivial g1-harmonic (and thus also g2-
harmonic) n-form α on M . The length of α must then be constant with respect to both
metrics, which are assumed to be formal and thus we get:

g2(α, α) = e2nfg1(α, α),

which shows that f must be constant.
�

Using the product construction to assure that the middle Betti number is non-zero,
one can build such examples of formal metrics which are unique in their conformal class.

Other examples are provided by manifolds with “big” first Betti number, as follows
from the following property of “propagation” of Betti numbers on geometrically formal
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manifolds proven in [K, Theorem 7]: if b1(M) = p ≥ 1, then bq(M) ≥
(
p
q

)
, for all

1 ≤ q ≤ p. In particular, if b1(M2n) ≥ n, then bn(M2n) ≥ 1.
Another property of the Betti numbers of geometrically formal manifolds is given

by:

Proposition 6.6 Let Mn be a compact geometrically formal manifold with b1(M) =
p ≥ 1. If there exist two Betti numbers that vanish: bk(M) = bk+l(M) = 0, for some k
and l with 0 < k + l < n and 0 < l ≤ p + 1, then all intermediary Betti numbers must
vanish: bi(M) = 0, for k ≤ i ≤ k + l. In particular, if there exists k ≥ n−p−1

2 such that
bk(M) = 0, then bi(M) = 0 for all k ≤ i ≤ n− k.

Proof. Let {θ1, . . . , θp} be an orthogonal basis of g-harmonic 1-forms, where g is
a formal metric on M . We first notice that here is no ambiguity in considering the
orthogonality with respect to the global scalar product or to the pointwise inner product,
because, when restricting ourselves to the space of harmonic forms of a formal metric,
these notions coincide. This is mainly due to [K, Lemma 4], which states that the inner
product of any two harmonic forms is a constant function. Thus, if two harmonic forms
α and β are orthogonal with respect to the global product, we get: 0 = (α, β) =

∫
M <

α, β > dvolg =< α, β > vol(M), showing that their pointwise inner product is the
zero-function.

It is enough to show that bk+1(M) = 0 and then use induction on i. Let α be a
harmonic (k+1)-form. By formality, θ1∧θ2∧· · ·∧θl−1∧α is a harmonic (k+ l)-form and

thus must vanish, since bk+l(M) = 0. On the other hand, θ]jyα = (−1)k(n−k−1)∗(θj∧∗α)

is a harmonic k-form, again by formality. As bk(M) = 0, it follows that θ]jyα = 0, for
1 ≤ j ≤ p. Then, using that {θ1, . . . , θp} are also orthogonal, we obtain:

0 = θ]1y · · ·yθ
]
l−1y(θ1 ∧ · · · ∧ θl−1 ∧ α) = ±|θ1|2 · · · |θl−1|2α,

which implies that α = 0, because each θj has non-zero constant length. This shows
that bk+1(M) = 0. �

3 Geometric formality of Vaisman metrics

A Vaisman manifold is a particular type of locally conformal Kähler (LCK) manifold.
It is defined as a Hermitian manifold (M,J, g), of real dimension n = 2m ≥ 4, whose
fundamental 2-form ω satisfies the conditions:

dω = θ ∧ ω, ∇θ = 0.

Here θ is a (closed) 1-form, called the Lee form, and ∇ is the Levi-Civita connection
of the LCK metric g (we always consider θ 6= 0, to not include the Kähler manifolds
among the Vaisman ones).

Locally, θ = df and the local metric e−fg is Kähler, hence the name LCK. When
lifted to the universal cover, these local metrics glue to a global one, which is Kähler
and acted on by homotheties by the deck group of the covering.
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In the Vaisman case, the universal cover is a Riemannian cone. In fact, compact Vais-
man manifolds are closely related to Sasakian ones, as the following structure theorem
shows:

Theorem 6.7 [OV1] Compact Vaisman manifolds are mapping tori over S1. More
precisely: the universal cover M̃ is a metric cone N × R>0, with N compact Sasakian
manifold and the deck group is isomorphic with Z, generated by (x, t) 7→ (λ(x), t+ q) for
some λ ∈ Aut(N), q ∈ R>0.

This puts compact Vaisman manifolds into the framework of warped products and
motivates their consideration here.

Vaisman manifolds are abundant. Every Hopf manifold (quotient of CN \ {0} by
the cyclic group generated by a semi-simple operator with subunitary eigenvalues) is
such, and all its compact complex submanifolds (see [Ve, Proposition 6.5]). Besides, the
complete list of Vaisman compact surfaces is given in [B].

On the other hand, examples of LCK manifolds (satisfying only the condition dω =
θ ∧ ω for a closed θ) which cannot admit any Vaisman metric are also known, e.g. one
type of Inoue surfaces and the non-diagonal Hopf surface, see [B]. The non-diagonal
Hopf surface is particularly relevant for our discussion because it is topologically formal,
as all manifolds having the same cohomology ring as a product of odd spheres.

For the time being, little information is known about the topology of LCK and, in
particular, Vaisman manifolds. Below, we collect several known facts:

Theorem 6.8 Let M be a compact Vaisman manifold.
(i) Its fundamental group cannot be free non-abelian, [OV2].
(ii) b1(M) is odd, [V].

But nothing is known about the topological formality of LCK manifolds.
Being parallel and Killing (see [DO]), the Lee field θ] is real holomorphic and, to-

gether with Jθ] generates a one-dimensional complex, totally geodesic, Riemannian
foliation F . Note that F is transversally Kähler, meaning that the transversal part of
the Kähler form is closed (for a proof of this result, see e.g. [V, Theorem 3.1]).

In the sequel, the terms basic (foliate) and horizontal refer to F . We recall that a
form is called horizontal with respect to a foliation F if its interior product with any
vector field tangent to the foliation vanishes and is called basic if in addition its Lie
derivative along a vector field tangent to the foliation also vanishes. Moreover, we shall
use the basic versions of the standard operators acting on Ω∗B(M), the space of basic
forms: ∆B is the basic Laplace operator, LB is the exterior multiplication with the
transversal Kähler form and ΛB its adjoint with respect to the transversal metric. For
details on these operators and their properties we refer the reader to [T, Chapter 12].

The main result of this section puts severe restrictions on formal Vaisman metrics:

Theorem 6.9 Let (M2m, g, J) be a compact Vaisman manifold. The metric g is geomet-
rically formal if and only if bp(M) = 0 for 2 ≤ p ≤ 2m− 2 and b1(M) = b2m−1(M) = 1,
i.e. M is a cohomological Hopf manifold.
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Proof. Let γ ∈ Ωp(M) be a harmonic form on M for some p, 1 ≤ p ≤ m− 1. By [V,
Theorem 4.1], γ has the following form:

γ = α+ θ ∧ β, (6.2)

with α and β basic, transversally harmonic and transversally primitive.
Since α is basic, Jα is also a basic p-form that is transversally harmonic and transver-

sally primitive:

∆B(Jα) = 0, ΛB(Jα) = 0,

because ∆B and ΛB both commute with the transversal complex structure J (as the
foliation is transversally Kähler). Again from [V, Theorem 4.1], by taking β = 0, it
follows that Jα is a harmonic form on M : ∆(Jα) = 0.

The assumption that g is geometrically formal implies that α ∧ Jα is harmonic on
M , so that in particular it is coclosed: δ(α ∧ Jα) = 0. According to [V], this implies
that α ∧ Jα is transversally primitive2: ΛB(α ∧ Jα) = 0.

On the other hand, it is proven in [GN, Proposition 2.2] that for primitive forms
η, µ ∈ ΛpV , where (V, g, J) is any Hermitian vector space, the following algebraic relation
holds:

(Λ)p(η ∧ µ) = (−1)
p(p−1)

2 p!〈 η, Jµ 〉, (6.3)

where J is the extension of the complex structure to Λ∗V defined by:

(Jη)(v1, . . . , vp) := η(Jv1, . . . , Jvp), for all η ∈ ΛpV, v1, . . . , vp ∈ V.

We apply the above formula to the transversal Kähler geometry and obtain that α
vanishes everywhere:

0 = (ΛB)p(α ∧ Jα) = (−1)
p(p+1)

2 p!〈α, α 〉.

The same argument as above applied to β ∈ Ωp−1
B (M) shows that β is identically

zero if p ≥ 2. Thus, γ = 0 for 2 ≤ p ≤ m− 1, which proves that:

b2(M) = · · · = bm−1(M) = 0.

If p = 1, then β is a basic function, which is transversally harmonic, so that β is a
constant. Thus γ is a multiple of θ, showing that the space of harmonic 1-forms on M
is 1-dimensional: b1(M) = 1.

It remains to show that the Betti number in the middle dimension, bm(M), also
vanishes. This follows from Proposition 6.6 applied to p = 1, k = m− 1 and l = 2.

The converse is clear, since the space of harmonic forms with respect to the Vaisman
metric g is spanned by {1, θ, ∗θ, dvolg} and thus the only product of harmonic forms
which is not trivial is θ ∧ ∗θ = g(θ, θ)dvolg, which is harmonic because θ has constant
length, being a parallel 1-form. �

2We use a slightly different denomination as in [V], where instead the term transversally effective is
used.
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Remark 6.10 (i) There exist Vaisman manifolds which do not admit any formal Vais-
man metric. Indeed, let f : N ↪→ CPn be an embedded curve of genus g > 1 and let
M be the total space of the induced Hopf bundle f∗(S1 × S2n+1). Then M is Vaisman
and b1(M) > 1 (see [V]), hence, according to 6.9, it does not admit any formal Vaisman
metric.

(ii) On the other hand, we do not have an example of a topologically formal complex
compact manifold, which admits Vaisman metrics, but ddoes not admit geometrically
formal Vaisman metrics. This seems to be a difficult open problem.

(iii) Theorem 6.9 may be considered as an analogue of the following result on the
geometric formality of Sasakian manifolds:

Theorem 6.11 [GN, Theorem 2.1] Let (M2n+1, g) be a compact Sasakian manifold. If
the metric g is geometrically formal, then bp(M) = 0 for 1 ≤ p ≤ 2n, i.e. M is a real
cohomology sphere.

A Auxiliary results

We collect here some results which are needed in our arguments.

A.1 A characterisation of geometric formality

Lemma 6.12 Let α and β be two harmonic forms on a compact Riemannian manifold
(Mn, g). Then α ∧ β is harmonic if and only if the following equality is satisfied:

n∑
i=1

(eiyα) ∧∇eiβ = −(−1)|α||β|
n∑
i=1

(eiyβ) ∧∇eiα, (6.4)

where {ei}i=1,n is a local orthonormal basis of vector fields. Thus, the metric g is formal
if and only if (6.4) holds for any two g-harmonic forms.

Proof. Since M is compact, α∧β is harmonic if and only if it is closed and coclosed.
As α∧β is closed, we have to show that (6.4) is equivalent to α∧β being coclosed. This
is implied by the following:

δ(α ∧ β) = −
n∑
i=1

eiy∇ei(α ∧ β) = −
n∑
i=1

eiy(∇eiα ∧ β + α ∧∇eiβ)

= δα ∧ β − (−1)|α|
n∑
i=1

∇eiα ∧ (eiyβ)−
n∑
i=1

(eiyα) ∧∇eiβ + (−1)|α|α ∧ δβ

= −(−1)|α||β|
n∑
i=1

(eiyβ) ∧∇eiα−
n∑
i=1

(eiyα) ∧∇eiβ.

�
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A.2 Riemannian products

Let (Mn+m, g) = (Mn
1 , g1)× (Mm

2 , g2). We denote by πi : M →Mi the natural projec-
tions, which are totally geodesic Riemannian submersions.

One may describe the bundle of p-forms on M as follows:

ΛpM =

p⊕
k=0

π∗1(ΛkM1)⊗ π∗2(Λp−kM2). (6.5)

This identification also works for the space of harmonic forms, namely the harmonic
forms on (M, g) can be described in terms of the harmonic forms on the factors (M1, g1)
and (M2, g2). To this end let Hk(Mi, gi) be the space of harmonic k-forms on Mi and
let bk(Mi) be the Betti numbers of Mi, i = 1, 2. Then the following holds:

Lemma 6.13 Let {αk1 , . . . , αkbk(M1)} (resp. {βk1 , . . . , βkbk(M2)}) be a basis of Hk(M1, g1)

(resp. Hk(M2, g2)). Then the forms:

{π∗1(αks) ∧ π∗2(βp−kl )| 1 ≤ s ≤ bk(M1), 1 ≤ l ≤ bp−k(M2), 0 ≤ k ≤ p} (6.6)

form a basis of the space of Hp(M, g), for each 0 ≤ p ≤ m+ n.

For a proof, see [GH, p. 105].

A.3 Warped products

Let (Bn, gB) and (Fm, gF ) be two Riemannian manifolds and ϕ > 0 be a smooth function
on B. Then M = B ×ϕ F denotes the warped product with the metric g = π∗(gB) +
(ϕ ◦ π)2σ∗(gF ), where π : M → B and σ : M → F are the natural projections.

Let {ei}i=1,n be a local orthonormal basis on B and let {fj}j=1,m be a local or-
thonormal basis on F , which we lift to M and thus obtain a local orthonormal basis of

M : {ẽi,
1

ϕ ◦ π
f̃j}i=1,n;j=1,m.

Consider the following decomposition of the codifferential on M : δ = δ1 + δ2, where

δ1 := −
n∑
i=1

ẽiy∇ẽi , δ2 := − 1

(ϕ ◦ π)2

m∑
j=1

f̃jy∇f̃j .

We first determine the commutation relations between the pull-back of forms on B
and F with δ1 and δ2.

Lemma 6.14 For α ∈ Ω∗(B) and β ∈ Ω∗(F ), the following relations hold:

δ1(σ∗(β)) = 0, (6.7)

δ2(σ∗(β)) =
1

(ϕ ◦ π)2
σ∗(δgF (β)), (6.8)

δ2(π∗(α)) = − m

ϕ ◦ π
grad(ϕ ◦ π)yπ∗(α), (6.9)

δ1(π∗(α)) = π∗(δgB (α)). (6.10)
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Proof. Let β ∈ Ωp+1(F ). For any tangent vector fields X1, . . . , Xp to M we obtain:

δ1(σ∗(β))(X1, . . . , Xp) = −
n∑
i=1

(ẽiy∇ẽi(σ∗β))(X1, . . . , Xp)

=−
n∑
i=1

ẽi(β(σ∗ẽi, σ∗X1, . . . , σ∗Xp) ◦ σ) +

n∑
i=1

β(σ∗(∇ẽi ẽi), σ∗X1, . . . , σ∗Xp)

+

n∑
i=1

[β(σ∗ẽi, σ∗(∇ẽiX1), . . . , σ∗Xp) + · · ·+ β(σ∗ẽi, σ∗X1, . . . , σ∗(∇ẽiXp))] = 0,

since σ∗ẽi = 0, because ẽi is the lift of a vector field on B and also σ∗(∇ẽi ẽi) =

σ∗(∇̃gBei ei) = 0. This proves (6.7).

The commutation rule (6.8) is shown as follows:

(ϕ ◦ π)2δ2(σ∗(β))(X1, . . . , Xp) = −
m∑
j=1

(f̃jy∇f̃j (σ
∗β))(X1, . . . , Xp)

=−
m∑
j=1

f̃j(β(σ∗f̃j , σ∗X1, . . . , σ∗Xp) ◦ σ)

+

m∑
j=1

β(σ∗(∇f̃j f̃j), σ∗X1, . . . , σ∗Xp) ◦ σ

+

m∑
j=1

[β(σ∗f̃j , σ∗(∇f̃jX1), . . . , σ∗Xp) + · · ·+ β(σ∗f̃j , σ∗X1, . . . , σ∗(∇f̃jXp))] ◦ σ

=−
m∑
j=1

fj(β(fj , σ∗X1, . . . , σ∗Xp)) ◦ σ

+
m∑
j=1

β(σ∗(∇̃gFfj fj −
g(f̃j , f̃j)

ϕ ◦ π
grad(ϕ ◦ π)), σ∗X1, . . . , σ∗Xp) ◦ σ

+
m∑
j=1

[β(fj , σ∗(∇f̃jX1), . . . , σ∗Xp) + · · ·+ β(fj , σ∗X1, . . . , σ∗(∇f̃jXp))] ◦ σ,

where we may again assume, without loss of generality, that Xi are lifts of vector fields
Zi on F: Xi = Z̃i for i = 1, . . . , p. For a tangent vector field Y to B, each of the above
terms vanishes, since σ∗(Y ) = 0. We then get:



138 CHAPTER 6. PRODUCT OF HARMONIC FORMS

(ϕ ◦ π)2δ2(σ∗(β))(X1, . . . , Xp) =

=−
m∑
j=1

fj(β(fj , Z1, . . . , Zp)) ◦ σ +
m∑
j=1

β(∇gFfj fj , Z1, . . . , Zp) ◦ σ

+

m∑
j=1

[β(fj ,∇gFfj Z1, . . . , σ∗Xp) + · · ·+ β(fj , Z1, . . . ,∇gFfj Zp)] ◦ σ

=σ∗(δgF (β))(X1, . . . , Xp),

thus proving (6.8).
The relations (6.9) and (6.10) can be obtained by similar computations, which we

omit here. �
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